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Abstract

This work is concerned with some extensions of the classical compressible Euler model of fluid dynamics in wh
fluid internal energy is a measure-valued quantity. A first extension was derived from the hydrodynamic limit of a
model involving a specific class of collision operators typical from quasi-linear plasma theory (see Eur. J. Mech. B F
(2001) 303–327, and Contin. Mech. Thermodyn. 10 (1998) 153–178). In these papers the collision operator simply d
the isotropization of the kinetic distribution function about some averaging velocity. In the present work we introduce
extension of such models in which the relaxed distribution is anisotropic. Similarly to (Eur. J. Mech. B Fluids 20 (2001
327) and (Contin. Mech. Thermodyn. 10 (1998) 153–178) this model is derived from a kinetic equation with a collision o
that relaxes to anisotropic equilibria. We then investigate diffusive corrections of this fluid-dynamical model using Ch
Enskog techniques and show how the anisotropic character affects the expression of the viscosity and of the heat flux
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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Chapman–Enskog expansion

1. Introduction

Anisotropic fluid models are widely used in relativistic astrophysics and cosmology. This has motivated increasing
and progress in the study of (relativistic) fluid systems with anisotropic stresses in the last years. From a physical
view, anisotropic fluid spheres have constituted a useful model for discussing anisotropy since the early 70’s (see [1
recently, the spherically symmetric collapse of anisotropic fluid objects into a black hole has been investigated by
authors [2,3]. Actually, there are known exact, analytical solutions of anisotropic fluid bodies collapsing into black hole
theoretical investigations about realistic stellar models show that the stellar matter is composed of anisotropic fluid a
very high density ranges, where nuclear interactions are dealt with relativistically. An important example is solar wind.
the electromagnetic turbulence in solar wind tends to be anisotropic, with smooth variations along the ambient magn
and sharp variations perpendicular to the ambient field. Other fields of application of anisotropic fluid theories are liquid
fiber composites, flow through porous media and electrorheology. In fact, a great part of the potential applicability of an
fluid theory comes from complex materials with internal microstructure such as polymers, melts, concentrated suspen
emulsions, among others.

In this paper we examine a kinetic approach to anisotropic fluids with multivalued internal energy from a mathe
perspective. In a recent work [4], a fluid-dynamical model which extends the classical Euler equations of compres
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dynamics was investigated. It consists of a coupled system for the fluid mean velocityu(x, t) on the one hand, and for
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the particle energy distribution functiong(x, ξ, t) on the other hand, wherex and t denote position and time and whe
ξ = 1

2 |v − u(x, t)|2 ∈ [0,∞) is the kinetic energy of a particle with velocityv in the fluid rest frame. This system of equatio
is written in dimensiond (d = 1,2,3) as

∂g

∂t
+ u · ∇xg − 2

d
ξ
∂g

∂ξ
(∇x · u)= 0,

∂

∂t
(ρu)+ ∇x(ρuu)+ 2

d
∇xW = 0,

(1.1)

whereρ andW are the fluid number and energy densities, related tog through

ρ =
∞∫

0

g dv(ξ), W =
∞∫
0

ξg dv(ξ), (1.2)

with dv(ξ) = |Sd−1||2ξ |(d−2)/2 dξ and where|Sd−1| is the Lebesgue measure of the unit sphere inR
d . The particle mass i

set to 1 for simplicity. By integrating (1.1) with respect toξ , a closed system of equations for the number and energy den
ρ andW and the mean velocityu is obtained, which turns out to be identical to the usual compressible Euler equation
[5,6]). In this sense, we claim that the system (1.1) extends the classical compressible Euler model of fluid dynamics.

It was shown in [5,6] that this model can be formally derived from a hydrodynamic limit (ε → 0) of the kinetic equation

∂f

∂t
+ v · ∇xf = 1

ε
Q(f ), (1.3)

wheref = f (x, v, t) is the kinetic distribution function andε is the (supposedly small) Knudsen number. The collision oper
Q(f ) describes the isotropization of the particle distribution function about the fluid mean velocity. This operator is wr

Q(f )= 1

τ
(Puf f − f ), (1.4)

with

Puf f (x, v, t)= 1

4π

∫
Sd−1

f
(
x,uf + |v − uf |ω, t)dω, (1.5)

uf (x, t)=
(∫

vf (x, v, t)dv

)(∫
f (x, v, t)dv

)−1
, (1.6)

whereuf is the average velocity off and τ = τ(x, t) is the mean collision time. The collision model (1.3)–(1.6) appe
in space plasma physics as a simplified description of wave–particle interactions and has proved to be useful in co
modeling (see, for example, [7–10]). The existence of solutions to the whole space initial value problem associated w
was proved in [11]. An existence theorem under milder assumptions, allowing for the occurrence of vacuum regions, wa
in [12]. Also, the incompressible limit of (1.3)–(1.6) towards the Navier–Stokes equation coupled with a transport–d
equation for the energy distribution functiong(x, ξ, t) has been computed rigorously in [13]. In [4], diffusive corrections to
macroscopic system (1.1) were derived from the kinetic model (1.3)–(1.6), in whichτ was supposed to depend on the inter
energyξ = 1

2 |v − u(x, t)|2 and not only on(x, t). In this case, the expression ofuf has to be modified in order to ensu
momentum conservation:

∫
Rd vQ(f )dv = 0. In particular,uf is no longer the average velocity in the usual sense (1.6), b

linked with the distribution functionf implicitly.
Nevertheless, the isotropy assumption ignores any statistically preferred direction. To overcome this (unrealistic) s

in the present paper we consider a kinetic model of the form (1.3) with a collisional operator that relaxes the distribution
to an anisotropic equilibrium function. More precisely, given a velocity functionu(x, t) we define the set

Nu =
{
f ∈L2(

R
d
) ∣∣∣ f (v)= g

(
(v − u)21

2
,
(v − u)22

2
, . . . ,

(v − u)2d
2

)}
, (1.7)

wherexk denotes thek-th component of a vectorx. To simplify the notation we set

ξ =
(
(v − u)21

2
,
(v − u)22

2
, . . . ,

(v − u)2
d

2

)
(1.8)

and then consider the following collision operator:

Q(f,u)= 1

τ(x, ξ, t)
(ΠNu

f − f ), (1.9)
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whereΠNu
is the orthogonal projection ontoNu with respect to the usual scalar product inL2(Rd). This collision operator
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relaxes the distribution function to an anisotropic equilibrium which is isotropic in each direction. We shall see that
property provides a richer structure to the fluid limit of this kinetic model. The stress tensor, for instance, is still diagon
not proportional to the identity tensor. Furthermore, the obtained viscosity is a non-sparse matrix while it is simply a s
the isotropic model. As we shall also see, the first order fluid limit of the model (1.3) with the collision operator given b
is a coupled system of equations for the velocityu(x, t) and the particle energy–vector distribution functiong(ξ1, ξ2, . . . , ξd ):

∂g

∂t
+ u · ∇xg − 2

d∑
i=1

(∇xu)iiξi
∂g

∂ξi
= 0,

ρ

(
∂u

∂t
+ (∇xu)u

)
k

+ 2
∂Wk

∂xk
= 0, for k = 1,2, . . . , d,

(1.10)

whereρ andWk are the fluid number density and the energy density in thek-th direction, related tog through

ρ =
∫

R
d+

g dv(ξ), Wk =
∫

R
d+

ξkg dv(ξ), (1.11)

with dv(ξ) = 2−d/2(ξ1ξ2, . . . , ξd)
−1/2 dξ (see [5,14] for a first approach to these results in the isotropic case). We stre

fact that, throughout this paper, the Einstein summation convention is not used. Indeed, the term∂Wk/∂xk does not imply
summation overk.

It is important to note that the system (1.10) again contains the classical Euler equations of compressible fluid d
The Euler system is obtained by simply integrating the first equation of (1.10) against 1 andξk and summing overk. This model
is in some sense an exact kinetic formulation of the Euler equation. In fact, a significant feature is that the system of mo
g derived from the first equation of (1.10) is closed at any order. In [4], the authors argue why such a model can be view
Euler model with multivalued internal energy. We shall not reproduce the discussion here, but simply note that now the
energy in each direction may be different andρ−1g dv(ξ) can be viewed as the probability that the internal energy in thek-th
direction lies in the interval[ξk, ξk + dξk ] for all 1� k � d. We refer to [4] and [14] for some more precise justifications of
’multivalued internal energy’ terminology.

In this paper we also give expressions of diffusive corrections that can be added to the model (1.10). To that purpo
Chapman–Enskog expansions starting from the kinetic model (1.3) with the collision operator defined by (1.9).

Finally, we analyze the collisional kinetic model in a variable frame. The isotropization in the directions of the lab
frame leads to the fact that the stress tensor is diagonal in this fixed system of coordinates, which is not realistic for
fluid. In some situations (when the stress tensor is not a scalar), the eigenvectors of the stress tensor in a fluid depe
positionx and on the timet . To account for this important point, the isotropization axes in the kinetic model have to depe
position and time and one has to consider an orthogonal transformationR(x, t) from the laboratory system of coordinates to t
isotropization axes, which are the eigenvectors of the stress tensor. The so obtained collision operator provides supp
terms in its fluid limit, as we shall see later. The introduction of an orthogonal transformation leads to the natural que
how to choose the rotation matrixR(x, t). Two possible solutions are investigated: the first one is to write a material deriv
for this rotation that obeys the material invariance principle. The second way is to determineR(x, t) by imposing an additiona
constraint on the collision operator such as the conservation of the stress tensor:∫

Rd

vivjQ(f )dv = 0, i, j = 1, . . . , d.

Then we analyze the mathematical and physical consequences that result from the explicit consideration of the
motion within the dynamical equations of the system, as well as their departure from conventional hydrodynamics. Th
and relevance of rotational motion in anisotropic fluid theories were explored in detail in [15] from a perspective con
rigid body systems.

The paper is structured as follows: in Section 2 we give an overview of the main properties of the collision kernel (1
transform the kinetic problem to local coordinates in order to make the analysis simpler. Section 3 is devoted to the d
of the macroscopic dynamics induced by the collision operator (1.9) to the first and second orders. In Section 4 we d
moment system associated with the multivalued energy fluid equation forg to the second order. Finally, Section 5 concerns
analysis of the anisotropic model in a variable frame.
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2. The collision operator and the kinetic equation
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2.1. The collision operator

We consider the collision operator defined by (1.9) written in the following form:

Q(f,u)= 1

τ(x, ξ, t)
Luf, (2.1)

with

Luf (v)=ΠNu
f (v)− f (v). (2.2)

The functionf = f (x, v, t) is the particle distribution function, depending on the position vectorx ∈ R
d , the velocityv ∈ R

d

and the timet > 0. We recall thatΠNu
is theL2-orthogonal projection onto the setNu (defined by (1.7)) and thatξ is the

vector expressed by (1.8), which represents the particle kinetic energy in all the coordinate directions and is meas
reference frame moving with velocityu. We shall refer toξ as the ‘relative kinetic energy-vector’. On the other hand, the ve
u(x, t) = uf (x, t) is some sort of average velocity off determined by the requirement thatQ is momentum-preserving. T
make it explicit, we first need the following

Proposition 2.1. The following assertions hold true:

(i) We have

ΠNu
Q(f,u) = 0, (2.3)

or equivalently∫
Rd

φ

(
(v − u)21

2
,
(v − u)22

2
, . . . ,

(v − u)2d
2

)
Q(f,u)(v)dv = 0, (2.4)

for all functionsφ(ξ) with ξ = (ξ1, ξ2, . . . , ξd) and ξk > 0. In particular, Q(f,u) preserves the density and the avera
fluid energy in the frame moving with velocityu, which is expressed by∫

Rd

Q(f,u)(v)dv = 0,
∫

Rd

|v − u|2
2

Q(f,u)(v)dv = 0. (2.5)

(ii) The null set ofQ is the set
⋃

u∈Rd Nu, whereNu is defined by(1.7).
(iii) The collision operator(2.1), (2.2)preserves momentum, i.e., it satisfies∫

Rd

vQ(f,u)(v)dv = 0, (2.6)

if and only if the velocityu satisfies∫
Rd

(v − u)τ−1(ξ)f (v)dv = 0, (2.7)

with

ξ = (ξ1, ξ2, . . . , ξd )=
(
(v − u)21

2
,
(v − u)22

2
, . . . ,

(v − u)2
d

2

)
.

In this case, the operator preserves the total fluid energy:∫
Rd

|v|2
2

Q(f,u)(v)dv = 0. (2.8)
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The proof is straightforward and can be deduced from [4].
.7)

id

de:
sume

of

equation

e

In the remainder of the paper, we shall takeu= uf satisfying (2.7) in the collision operator (2.1), (2.2). Note that Eq. (2

definesuf implicitly (because of the dependence ofτ−1 uponuf ). Also, the velocityuf does not coincide with the usual flu
mean velocityū= ūf defined by

ū= 1

ρ

∫
Rd

vf (v)dv, ρ =
∫

Rd

f (v)dv. (2.9)

However, in the particular case of a distribution function of the formf (v)= f (ξ), both concepts of average velocities coinci
uf = ūf (more precisely,̄uf is a solution of (2.7)). In this paper, we shall not dwell on the problem of solving (2.7) and as
that there exists a unique ‘physically admissible’ velocity field solving (2.7).

2.2. The kinetic equation: approximate solutions and change to the local frame

We now consider the kinetic equation (1.3) with the collision operator defined by (2.1) and (2.2):

Tf ε = 1

ε
Q
(
f ε,uf ε

)
, Tf ≡ ∂f

∂t
+ v · ∇xf, (2.10)

and define an approximate solution of (2.10) at the ordern to be a solutionf̃ ε of

T f̃ ε = 1

ε
Q
(
f̃ ε, u

f̃ ε

)+ O
(
εn
)
. (2.11)

We show that Eq. (2.7) for the definition ofuf can be equivalently replaced by an equation involving the first momentsf .
Indeed, Eq. (2.10) is equivalent to the following system, of unknownsf ε anduε :

Tf ε = 1

ε
Q
(
f ε,uε

)
,∫

Rd

(
v − uε

)
τ−1(ξ, f ε)f ε(v)dv = 0,

(2.12)

whereξ is linked tov − uε through (1.8). Since the second equation of (2.12) is equivalent to the fact thatQ is momentum-
conservative, the system (2.12) is equivalent to

Tf ε = 1

ε
Q
(
f ε,uε

)
,∫

Rd

vTf ε(v)dv = 0.
(2.13)

Then,uε appears as the Lagrange multiplier of the momentum preservation constraint as expressed by the second
of (2.13).

The same splitting can be performed for the ordern approximate solutions. Indeed,̃f ε is an approximate solution at th
ordern, according to the definition (2.11), if and only if there existsũε such that(f̃ ε, ũε) satisfies

T f̃ ε = 1

ε
Q
(
f̃ ε, ũε

)+ O
(
εn
)
,∫

Rd

vT f̃ ε(v)dv = O
(
εn
)
.

(2.14)

The ‘only if’ part is obvious with the choicẽuε = u
f̃ ε by multiplying (2.11) byv, integrating with respect tov and using that∫

Rd

vQ
(
f̃ ε, u

f̃ ε

)
dv = 0. (2.15)

Conversely, from (2.14) and (2.15) we have∫
Rd

vQ
(
f̃ ε, ũε

)
dv −

∫
Rd

vQ
(
f̃ ε, u

f̃ ε

)
dv = O

(
εn+1).
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Thus, under the hypothesis that Eq. (2.7) has a unique branch of ‘physically admissible’ solutions and that this branch consists

ing with

t
the

econd
f the
of regular solutions of the nonlinear equation (2.7), we formally get

ũε = u
f̃ ε + O

(
εn+1).

This shows that every solutioñf ε of (2.14) is a solution to (2.11).
We now transform the approximate solutions defined by (2.14) by evaluating the kinetic velocities in the frame mov

velocity ũε . We introduce the following notations:

p = v − ũε, F̃ ε(p)= f̃ ε(v), ξ =
(
p2

1
2
,
p2

2
2
, . . . ,

p2
d

2

)
∈ R

d+. (2.16)

For simplicity, we shall omit the superscriptε, the tildes and the argumentst andx of the functionsτ andf whenever the contex
is clear. We still denote byf andu the solutions to (2.14) and byF the corresponding function obtained after performing
change of variables (2.16). In terms ofF = F(p) we have

Tf = ∂F

∂t
+ u · ∇xF + p · ∇xF −

(
∂u

∂t
+ (∇xu)u

)
· ∇pF − (

(∇xu)p
) · ∇pF,

where∇xu denotes the matrix whose coefficients are(∇xu)ij = ∂ui/∂xj . Then, the first equation of (2.14) becomes

A(F,u)= 1

ετ(ξ,F)
LF + O

(
εn
)
, (2.17)

whereL is the operatorL0 given by (2.2) foru= 0:

LF(p)=ΠF(p)− F(p), (2.18)

with Π being theL2-orthogonal projection onto

N =
{
F ∈ L2(

R
d
) ∣∣∣ F(p)= g(ξ) with ξ =

(
p2

1
2
,
p2

2
2
, . . . ,

p2
d

2

)}
, (2.19)

and where the operatorA is given by
A(F,u) = TuF + p · ∇xF −Cu · ∇pF − (

(∇xu)p
) · ∇pF,

TuF = ∂F

∂t
+ u · ∇xF,

Cu = ∂u

∂t
+ (∇xu)u.

(2.20)

Now we recall thatu andf are linked by the second equation of (2.14), which can be rewritten in terms of F as∫
Rd

pA(F,u)(p)dp = O
(
εn
)
. (2.21)

Using the expression ofA, we obtain by a simple integration∫
Rd

pA(F,u)(p)dp = B(F,u),

with

B(F,u)= Cu

∫
Rd

F dp + ∇x ·
( ∫

Rd

p⊗ pF dp

)
+
(
∂

∂t
+ u · ∇x + ∇xu+ (∇x · u)I

)( ∫
Rd

pF dp

)
. (2.22)

Finally, the problem (2.14) is equivalent to the following system of equations: τ(ξ,F)A(F,u) = 1

ε
LF + O

(
εn
)
,

B(F,u) = O
(
εn
)
,

(2.23)

with A(F,u) given by (2.20) andB(F,u) by (2.22).
In (2.23), the collision operatorL is linear and independent ofu. L is clearly a self-adjoint operator (inL2) and its null-

space is simply the spaceN given by (2.19). Note also that the implicit character of Eq. (2.7) is now concentrated in the s
equation of (2.23): givenF , the correspondingu is simply a solution of an equation whose coefficients are averages o
distribution functionF with respect top.
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3. Approximate macroscopic models to the first and second orders
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3.1. The multivalued energy fluid model to the first order

In this section we check that the system (1.10) is indeed the first order approximate model associated with (2.10),
we shall use the formulation (2.23). The Chapman–Enskog expansion at a kinetic scale is a classical asymptotic
which bridges the gap between the Boltzmann-type equation modeling kinetic motion and the corresponding macrosc
equations. For a summarized presentation of the Chapman–Enskog procedure and related bibliography we refer t
to [4]. According to the Chapman–Enskog method, we assume that the first order approximate solutionF to (2.23) has the form
F = F0 + εF1 and insert this expression into the system (2.23): τ(ξ,F0 + εF1)

[
A(F0, u)+ εA(F1, u)

]= 1

ε
LF0 +LF1 + O(ε),

B(F0, u)+ εB(F1, u)= O(ε).
(3.1)

Now, identifying terms of the same order inε and removing the terms of orderε we obtain
LF0 = 0,

τ (ξ,F0)A(F0, u)= LF1,

B(F0, u)= 0.

(3.2)

The first equation of (3.2) implies thatF0 is a function ofξ = (p2
1/2,p

2
2/2, . . . , p

2
d/2) only:F0(p)= g(ξ). The second equatio

of (3.2) admits a solutionF1 if and only ifΠA(F0, u)= 0. We have

A(F0, u)= A(g,u)= Tug +
d∑
i=1

pi

(
∂g

∂xi
− (Cu)i

∂g

∂ξi

)
−

d∑
i,j=1

(∇xu)ij pipj
∂g

∂ξi
, (3.3)

with Tu andCu given in (2.20). To makeΠA(g,u) andB(g,u) explicit, we use the following elementary lemma (the proof
which is omitted).

Lemma 3.1. Letp = (p1, . . . , pd) ∈ R
d andφ be a function of

ξ =
(
p2

1
2
,
p2

2
2
, . . . ,

p2
d

2

)
.

Also denote

A
def
abc

= δadδbeδcf , B
ef
abcd

= δabδbcδcd δef , Cabcdef = δabδbcδcdδdeδef ,

whereδ is the usual Kronecker symbol. Then, for all indicesi, j, k, l,m,n ∈ {1,2, . . . , d} we have

(i) Π[piφ(ξ)] = 0.
(ii) Π[pipjφ(ξ)] = 2δij ξiφ(ξ).

(iii) Π[pipjpkplφ(ξ)] = 4[δij δklξiξk + (δikδjl + δilδjk)ξiξj − 2δij δjkδklξ
2
i
]φ(ξ).

(iv)

Π
[
pipjpkplpmpnφ(ξ)

]= 8
[(
Almn
ijk +Alnm

ijk +Amln
ijk +Amnl

ijk +Anlm
ijk +Anml

ijk

)
ξiξj ξk

+ (
Akmn
ijl +Aknm

ijl +Amkn
ij l +Ankm

ijl

)
ξiξj ξl +

(
Akln
ijm +Alkn

ijm

)
ξiξj ξm

+ (
A
jmn
ikl +A

jnm
ikl

)
ξiξkξl +A

jln
ikmξiξkξm

− 2(1− δij )
(
B
jl
ikmn +B

jk
ilmn +B

jm
ikln +B

jn
iklm

)
ξ2
i ξj

− 2
(
Bik
jlmn +Bil

jkmn +Bim
jkln +Bin

jklm

)
ξiξ

2
j

− 2(1− δik)
(
Bkl
ijmn +Bkm

ijln +Bkn
ij lm

)
ξ2
i ξk − 2(1− δil )

(
Bln
ijkm +Blm

ijkn

)
ξ2
i ξl

− 2(1− δim)B
mn
ijkl ξ

2
i ξm − 2Bij

klmn
ξiξ

2
k − 4Cijklmnξ

3
i

]
φ(ξ).
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Then, we easily get

pancy

he form

tic

the
ΠA(g,u)= Tug − 2
d∑
i=1

(∇xu)ii ξi
∂g

∂ξi
, B(g,u)k = ρ(Cu)k + 2

∂Wk

∂xk
, (3.4)

whereρ andWk are given by (1.11). Thus, it follows that the system (3.2) is equivalent to the system (1.10) forg andu. At this
level, the collision timeτ(ξ, g) has no effect on the fluid model. In particular, at this order of approximation the discre
between t he fluid mean velocitȳuf and the velocityu= uf is not detectable.

3.2. The multivalued energy fluid model to the second order

Now we seek an order two approximate solution to (2.13). We recall that this corresponds to a solution(F,u) to the system
(2.23) forn= 2. As for the first order, we assume thatF has the form

F = g(x, ξ, t)+ εF1 + ε2F2 (3.5)

and insert this expression into the system (2.23):{
τ
(
ξ, g + εF1 + ε2F2

){
A(g,u)+ εA(F1, u)+ ε2A(F2, u)

}= LF1 + εLF2 + O
(
ε2),

B(g,u)+ εB(F1, u)+ ε2B(F2, u)= O
(
ε2). (3.6)

The first equation implies (in particular) thatΠA(g,u) = O(ε). Thus, the first equation of (3.6) can be rewritten as

τ(ξ, g + εF1 + ε2F2)

{
(I −Π)A(g,u)+ ε

[
A(F1, u)+ 1

ε
ΠA(g,u)

]
+ ε2A(F2, u)

}
= LF1 + εLF2 + O

(
ε2). (3.7)

We identify the terms of the same order inε and remove the terms of order 2. We get
τ
(
ξ, g + εF1 + ε2F2

)
(I −Π)A(g,u) = LF1,

τ
(
ξ, g + εF1 + ε2F2

)[
A(F1, u)+ 1

ε
ΠA(g,u)

]
= LF2,

B(g,u)+ εB(F1, u)= 0.

(3.8)

Now we remark that the restriction ofL toN(L)⊥ is simply−I and then its inverseL−1 is also equal to−I when restricted to
N(L)⊥. If we seekF1 ∈N(L)⊥, the solution of the first equation (3.8) is

F1 = −τ
(
ξ, g + εF1 + ε2F2

)
(I −Π)A(g,u). (3.9)

Then, the second equation of (3.8) has a non-empty set of solutionsF2 if and only if the projectionΠ of the left-hand side
vanishes. Therefore, the last two equations of (3.8) are equivalent to{

ΠA(g,u)+ εΠA(F1, u)= 0,

B(g,u)+ εB(F1, u)= 0.
(3.10)

Now, the expression ofF1 contains a dependence onF = g + εF1 + ε2F2 through the functionτ . However,F1 only appears
in terms of orderε in (3.10). Therefore, with the same accuracy, we can replaceτ(ξ,F) by τ(ξ, g) in (3.9) and get

F1 = −τ(ξ, g)(I −Π)A(g,u). (3.11)

The two equations (3.10) withF1 given by (3.11) provide a sufficient condition on the pair(g,u) which makesF given by (3.5)
an order two approximate solution of the kinetic model (2.10). Furthermore, any order two approximate solution of t
(3.5) withF1,F2 ∈N(L)⊥ is given by Eqs. (3.10), as the next result shows.

Proposition 3.2. The pair(F = g+ εF1 + ε2F2, u), withΠF1 =ΠF2 = 0, is an order two approximate solution to the kine
equation(2.13)if and only if(g,u) is a solution of(3.10).

Proof. We insert the expansionF = g + εF1 + ε2F2 into (2.23) and obtain (3.6). For the first equation of (3.6), we take
orthogonal projection ontoN(L) and find

Π
[
A(g,u)+ εA(F1 + εF2, u)

]= O
(
ε2). (3.12)
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Then, the first equation of (3.6) is equivalent to

.

L(F1 + εF2)= τ(ξ,F)
[
(I −Π)A(g,u)+ ε(I −Π)A(F1 + εF2, u)

]+ O
(
ε2).

SinceF1,F2 ∈N(L)⊥, we can now applyL−1 and obtain

F1 + εF2 = τ(ξ,F)L−1[(I −Π)A(g,u)+ ε(I −Π)A(F1 + εF2, u)
]+ O

(
ε2). (3.13)

We insert the expression ofF1 + εF2, given by (3.13), into (3.12) and get

Π
[
A(g,u)+ εA

(
τ(ξ,F)L−1[(I −Π)A(g,u)

]
, u
)]= O

(
ε2).

With the second equation of (3.6) we finally obtain{
Π
[
A(g,u)+ εA

(
τ(ξ,F)L−1[(I −Π)A(g,u)

]
, u
)]= O

(
ε2),

B(g,u)+ εB
(
τ(ξ,F)L−1[(I −Π)A(g,u)

]
, u
)= O

(
ε2). (3.14)

We can now replaceτ(ξ,F) by τ(ξ, g) because we are only interested in terms of order less than two inε. This leads to (3.10)
Therefore, such an order two approximate solution is necessarily given by (3.10).✷

Eq. (3.10) lead to the following model:

Proposition 3.3. System(3.10)is equivalent to the following system:

∂g

∂t
+ u · ∇xg − 2

d∑
i=1

(∇xu)ii ξi
∂g

∂ξi
= 2ε

d∑
i=1

[
ξi�∇i (τ�∇ig)− (Cu)iτ�∇ig

]

+ 2ε
d∑

i,j=1

(1− δij )
[
(∇xu)

2
ij ξj + (∇xu)ij (∇xu)ji ξi

]
τ
∂g

∂ξi

+ 4ε
d∑

i,j=1

(1− δij )ξiξj

[
(∇xu)

2
ij

∂

∂ξi

(
τ
∂g

∂ξi

)
+ (∇xu)ij (∇xu)ji

∂

∂ξj

(
τ
∂g

∂ξi

)]
, (3.15)

ρ

(
∂ū

∂t
+ (∇x ū)ū

)
k

+ 2
∂Wk

∂xk
= ε

d∑
i=1

∂

∂xi

[
µki(∇x ū)ik +µik(∇x ū)ki

]
, (3.16)

where the symbol�∇i denotes the following oblique-derivative operator

�∇i = ∂

∂xi
− (Cu)i

∂

∂ξi
, (3.17)

and whereu and ū are linked by

ρ(ū− u)k = −2ε
∫

Rd

ξkτ(ξ, g)�∇kg dp, for k = 1,2, . . . , d. (3.18)

Also,ρ andWk are still defined by(
ρ(x, t)

Wk(x, t)

)
=
∫

Rd

(
1

ξk

)
g(x, ξ, t)dp (3.19)

andµ is the viscosity matrix whose coefficients are

µij = −4
∫

Rd

(1− δij )ξiξj τ(ξ, g)
∂g

∂ξi
dp. (3.20)

We recall thatdp = 2−d/2(ξ1ξ2, . . . , ξd)
−1/2 dξ andτ = τ(ξ, g).
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Before going to the proof of this proposition, we make some comments. The model (3.15)–(3.16) has still some similarities
s:

term is

different

more
ty in the
example,

ds
with the macroscopic system on(g, ū) derived in [4]. In the equation (3.15) forg, for instance, there are two diffusion term
the first one is a diffusion operator in an oblique direction with respect to the variables(xi , ξi) which is represented by the�∇i

symbol. As in [4], this term would correspond to the heat flux in the moment system (4.1)–(4.3). The second diffusion
a true diffusion with respect to theξi variables. This term describes the effect of the viscosity on the distributiong and would
correspond to the work of the viscosity forces in the moment system (4.1)–(4.3). However, the model (3.15), (3.16) is
from that of [4]. Indeed, the diffusion operators in both equations forg andu are more complex. In the equation ofu, for
instance, we observe that the viscous stress is not proportional to the strain-tensorσ(u) = ∇xu + (∇xu)

T − 2
d
(∇x · u)I but

depends on all the coefficients of the velocity tensor∇xu. The viscosity stress and the velocity tensor are then related by a
complex relation that uses a tensor viscosity (with two indices) while this tensor is simply reduced to a scalar viscosi
isotropic case. This is somehow similar to the order two closure relations in statistical models for turbulence (see, for
[16–18]).

Proof. We already know the expression ofΠA(g,u) from (3.4). Using (3.11) and (2.20), we have

F1 = −
d∑
i=1

τpi�∇ig +
d∑

i,j=1

(1− δij )(∇xu)ij pipj τ
∂g

∂ξi
. (3.21)

Then, from the expression (2.20) of the operatorA we obtain

−A(F1, u)= Tu

(
d∑
i=1

τpi�∇ig

)
− Tu

(
d∑

i,j=1

(1− δij )(∇xu)ij pipj τ
∂g

∂ξi

)

+
d∑

i,j=1

pipj
∂

∂xj
(τ�∇ig)−

d∑
i,j=1

(Cu)jpipj
∂

∂ξj
(τ�∇ig)−

d∑
i=1

(Cu)iτ�∇ig

−
d∑

i,j,k=1

(1− δij )pipjpk
∂

∂xk

(
(∇xu)ij τ

∂g

∂ξi

)
+

d∑
i,j=1

(1− δij )(Cu)ipj (∇xu)ij τ
∂g

∂ξi

+
d∑

i,j=1

(1− δij )(Cu)jpi (∇xu)ij τ
∂g

∂ξi
+

d∑
i,j,k=1

(1− δij )(Cu)kpipjpk(∇xu)ij
∂

∂ξk

(
τ
∂g

∂ξi

)

−
d∑

i,j=1

pj (∇xu)ij τ�∇ig −
d∑

i,j,k=1

pipjpk(∇xu)jk
∂

∂ξj
(τ�∇ig)

+
d∑

i,j,k=1

(1− δij )pjpk(∇xu)ij (∇xu)ikτ
∂g

∂ξi
+

d∑
i,j,k=1

(1− δij )pipk(∇xu)ij (∇xu)jkτ
∂g

∂ξi

+
d∑

i,j,k,l=1

(1− δij )pipjpkpl(∇xu)ij (∇xu)kl
∂

∂ξk

(
τ
∂g

∂ξi

)
. (3.22)

Now, to take the projection of this expression we make use of Lemma 3.1(i)–(iii) and get

−ΠA(F1, u)=
d∑
i=1

[
2ξi�∇i (τ�∇ig)− (Cu)iτ�∇ig

]+ 2
d∑

i,j=1

(1− δij )
[
(∇xu)

2
ij ξj + (∇xu)ij (∇xu)ji ξi

]
τ
∂g

∂ξi

+ 4
d∑

i,j=1

(1− δij )ξiξj

[
(∇xu)

2
ij

∂

∂ξi

(
τ
∂g

∂ξi

)
+ (∇xu)ij (∇xu)ji

∂

∂ξj

(
τ
∂g

∂ξi

)]
. (3.23)

Inserting the above found expressions forΠA(g,u) (cf. (3.4)) andΠA(F1, u) (cf. (3.23)) into the first equation of (3.10) lea
to Eq. (3.15).

Now, to make the second equation of (3.10) explicit we need to computeB(g,u) (given by (3.4)) andB(F1, u). With the
expression ofF1 given by (3.21) and from the definition (2.22) ofB, we also have
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B(F1, u)k =
d∑ ∂

(
(∇xu)ij

∫
(1− δij )pipjpkplτ

∂g
dp

)

i,j,l=1

∂xl
Rd

∂ξi

−
[(

∂

∂t
+ u · ∇x + ∇xu+ (∇x · u)I

) d∑
j=1

∫
Rd

p ⊗ pj τ�∇j g dp

]
k

. (3.24)

Nevertheless, using Lemma 3.1(iii) again the viscosity tensor can be simplified as

Tijkl = −
∫

Rd

(1− δij )pipjpkplτ
∂g

∂ξi
dp =µij (δikδjl + δilδjk), (3.25)

with µ defined by (3.20). Then,

B(F1, u)k = −
d∑
i=1

∂

∂xi

[
µki(∇xu)ik +µik(∇xu)ki

]− 2

[(
∂

∂t
+ u · ∇x + ∇xu+ (∇x · u)I

)∫
Rd

ξτ�∇g dp

]
k

. (3.26)

We now deduce that the second equation of (3.10) leads to

ρ

(
∂u

∂t
+ (∇xu)u

)
k

+ 2
∂Wk

∂xk
= ε

d∑
i=1

∂

∂xi

[
µki(∇xu)ik +µik(∇xu)ki

]
+ 2ε

[(
∂

∂t
+ u · ∇x + ∇xu+ (∇x · u)I

)∫
Rd

ξτ�∇g dp

]
k

. (3.27)

Now, integrating Eq. (3.15) with respect to dp and introducinḡu according to (3.18), we obtain

∂ρ

∂t
+ ∇x · (ρu)= 2ε

d∑
i=1

∂

∂xi

∫
Rd

ξiτ�∇ig dp = −∇x · [ρ(ū− u)
]
, (3.28)

which is nothing else than the continuity equation

∂ρ

∂t
+ ∇ · (ρū)= 0 (3.29)

for the velocity fieldū. Then, repeatedly using the continuity equation (3.29) in the following computations, we have

ρCu +
(
∂

∂t
+ u · ∇x + ∇xu+ (∇x · u)I

)
(ρū− ρu)

= [∇x · (ρū)]u+
(
∂

∂t
+ ∇xu

)
(ρū)+ [

u · ∇x + (∇x · u)I ](ρū− ρu)

= ρCū + [∇x · (ρū)](u− ū)+ (∇xu− ∇x ū)(ρū)+ (∇x · u)(ρū− ρu)+ u · ∇x(ρū− ρu)

= ρCū + (u− ū) · ∇x(ρū− ρu)+ [∇x · (u− ū)
]
(ρū− ρu).

Sinceu− ū is of the order of O(ε) (cf. (3.18)), we deduce that

ρCu +
(
∂

∂t
+ u · ∇x + ∇xu+ (∇x · u)I

)
(ρū− ρu)= ρCū + O

(
ε2), (3.30)

which implies that (3.27) is equivalent to Eq. (3.16) up to terms inε2. This achieves the proof of Proposition 3.3.✷
Remark 1. Let f (v)= F(v − u), with F given by (3.5). Then,∫

vf dv =
∫
(v − u)f dv + u

∫
f dv =

∫
pF dp + u

∫
F dp = ρu+ ε

∫
pF1 dp+ O

(
ε2).

Furthermore, with (3.21) we have

ε

∫
pkF1 dp = −2ε

∫
Rd

ξkτ�∇kg dp = ρ(ū− u)k.
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Therefore, ∫
e
d in terms

del does
n other
ue to

ctively,
e shall
ant

ying
ρū= vf dv + O
(
ε2),

showing thatū is the ‘true’ mean velocity of the distribution function up to terms of orderε2. This remark explains why th
continuity equation (3.29) and the momentum conservation (Eq. (3.16)) have a more natural expression once expresse
of ū.

Now we make some comments about the obtained model (3.15) and (3.16). First we point out the fact that this mo
not contain that obtained in [4] where the considered collision operator is a relaxation to an isotropic equilibrium. I
words, even if we assume hereg to be isotropic, we do not recover the istropic model obtained in [4]. This is essentially d
the following remark: ifΠI andΠA denote the projections onto the spaces of isotropic and anisotropic functions respe
then we have:ΠI �= ΠIΠA. Consider now the question about the beahavior of the diffusion operator in Eq. (3.16). W
state a necessary and sufficient condition on the relaxation timeτ for the diffusion operator to be negative. This is an import
well-posedness condition for the model.

Lemma 3.4. LetD be the linear operator acting on the velocity fieldsū(t, x) according to the following relation

(Dū)i =
d∑

j=1

∂

∂xj

[
µji(∇x ū)ij +µij (∇x ū)ji

]
,

for i = 1,2, . . . , d. The viscosity matrixµ depends on the positive functionsτ andg according to(3.20). Then, the operatorD
is negative on(L2(Rd , dx))d if and only if

µ is a symmetric matrix, andµij � 0, for all i, j = 1,2, . . . , d.

Furthermore, the matrixµ is symmetric for all positive distribution functiong if and only if the functionτ has the form

τ(ξ1, ξ2, . . . , ξd)= (ξ1ξ2, . . . , ξd )
−1/2Υ (ξ1 + ξ2 + · · · ξd), (3.31)

whereΥ is an arbitary positive and increasing function onR+.

Proof. We compute the scalar product ofDū by ū in (L2(Rd , dx))d , we have

〈Dū, ū〉 = −
∫

Rd

d∑
i=1

d∑
j=1

(
µji(∇x ū)

2
ij +µij (∇xū)ji(∇x ū)ij

)
dx,

= −1

2

∫
Rd

d∑
i=1

d∑
j=1

(
µji(∇x ū)

2
ij +µij (∇x ū)

2
ji + (µij +µji)(∇x ū)ji(∇x ū)ij

)
dx.

This quantity is negative for any field(∇x ū) if and only if each term of the sum is also negative. This is equivalent to sa
that the following quadratic form onR2

µjiX
2 +µij Y

2 + (µij +µji)XY,

is positive. It is an easy matter to check that this is also equivalent to

∀i, j = 1,2, . . . , d, µij � 0, and

∣∣∣∣∣∣∣
µij

1

2
(µij +µji)

1

2
(µij +µji) µji

∣∣∣∣∣∣∣= −1

4
(µij −µji)

2 � 0,

which means thatµ must be a symmetric matrix with positive coefficients.
Now, after an intergration by parts, the expression (3.20) of the viscosityµ can be written as

µij = 2(1 − δij )

∫
Rd

(
2ξiξj

∂τ

∂ξi
+ ξj τ

)
g dp.

This matrix is symmetric for allg if and only if

2ξiξj
∂τ

∂ξi
+ ξj τ = 2ξiξj

∂τ

∂ξj
+ ξiτ, ∀i, j = 1,2, . . . , d,
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which is equivalent to

the

ts
(
∂

∂ξi
− ∂

∂ξj

)(
logτ + 1

2

d∑
k=1

logξk

)
= 0, ∀i, j = 1,2, . . . , d.

This means thatτ must be of the form (3.31). Now using this expression, one can see that the coefficientsµij are all positive
for any distribution functiong, if and only ifΥ is a positive and increasing function.✷

4. The moment system

We multiply Eq. (3.15) forg successively by 1 andξk , with k = 1,2, . . . , d, and integrate with respect to dp =
2−d/2(ξ1ξ2, . . . , ξd )

−1/2 dξ . We have the following

Proposition 4.4. The model(3.15), (3.16)of Proposition3.3 implies the following non-closed system of equations on
quantities(ρ, ū,Wk):

∂ρ

∂t
+ ∇x · (ρū)= 0, (4.1)

ρ

(
∂ū

∂t
+ (∇x ū)ū

)
k

+ 2
∂Wk

∂xk
= ε

d∑
i=1

∂

∂xi

[
µik(∇x ū)ki +µki(∇x ū)ik

]
, (4.2)

∂Wk

∂t
+ ∇x · (ūWk)+ 2(∇x ū)kkWk = ε

d∑
i=1

[
µik(∇xū)

2
ki +µki(∇x ū)ik(∇x ū)ki

]+ ε∇x · qk, (4.3)

whereµ is the viscosity matrix related tog by (3.20)andqk (for k = 1,2, . . . , d) is thek-th heat flux vector whose componen
are expressed by

(qk)i = 2
∫

Rd

ξiξkτ�∇ig dp− 2(1+ 2δik)
Wk

ρ

∫
Rd

ξiτ�∇ig dp. (4.4)

Proof. Eqs. (4.1) and (4.2) are already known. To derive (4.3), (4.4) we first multiply Eq. (3.15) forg timesξk and integrate
with respect to dp. We have

1

ε

(
∂Wk

∂t
+ ∇x · (uWk)+ 2(∇xu)kkWk

)

= 2
d∑
i=1

∂

∂xi

( ∫
Rd

ξi ξkτ�∇ig dp

)
+ 2(Cu)k

∫
Rd

ξkτ�∇kg dp

− 4
d∑

i=1

(1− δik)(∇xu)
2
ki

∫
Rd

ξiξkτ
∂g

∂ξk
dp − 4

d∑
i=1

(1− δik)(∇xu)ik(∇xu)ki

∫
Rd

ξiξkτ
∂g

∂ξi
dp.

Now, using the first order approximate macroscopic equation

ρ(Cu)k + 2
∂Wk

∂xk
= 0

and the relation (3.18) betweenu andū implies that

2(Cu)k

∫
Rd

ξkτ�∇kg dp = −2

ε

∂

∂xk

[
Wk(u− ūk

]+ 2

ε

[∇x(u− ū
]
kk
Wk

= −1

ε

d∑
i=1

(1+ 2δik)
∂

∂xi

[
(u− ū)iWk

]+ 2

ε

[∇x(u− ū)
]
kk
Wk + 1

ε
∇x · [(u− ū)Wk

]
,

which concludes the proof.✷
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To close this section we make some comments. The vectorqk is the diffusion flux of thek-th componentWk of the internal
m
nd

hich

ot
vestigate

kinetic

s to the
).
s

)

energy vector(W1,W2, . . . ,Wd). We point out thatqk is not simply supported by thek-th axis of coordinates and comes fro
the oblique-diffusion terms (represented by the symbols�∇i ) in Eq. (3.15) forg. The term inside the brackets at the right-ha
side of Eq. (4.3) is similar (but more complex) to the termµσ(u) : ∇xu in the standard Navier–Stokes equations (see [4]), w
measures the work of the viscosity force. This term is clearly associated with the viscous term in the equation foru (right-hand
side of Eq. (4.2)) and comes from the diffusion terms inξi in Eq. (3.15) forg. We finally point out that system (4.1)–(4.3) is n
closed. Different strategies similar to those developed in [4] may be applied to close such a system. Here, we do not in
these closure approaches but only refer to [4] for a detailed presentation.

5. The anisotropic model in a variable frame

It is often appropriate to introduce anisotropic viscosities to model turbulent diffusion. To this aim, we now consider a
equation with a modified collision operator

∂f

∂t
+ v · ∇xf = 1

ε
Q(f,u) = 1

ε

1

τ(x, ξ, t)
(ΠNu,R

f − f ) (5.1)

which relaxes the particle distribution functionf towards equilibrium functions of the form

g

(
(R(v − u))21

2
,
(R(v − u))22

2
, . . . ,

(R(v − u))2d
2

)
, (5.2)

whereR = R(x, t) represents a direct orthogonal transformation (rotation) from the laboratory system of coordinate
isotropization axes and whereΠNu,R

is the orthogonal projection onto the subspace ofL2(Rd) consisting of the functions (5.2
Before going to the derivation of the corresponding macroscopic models (ε → 0), we rewrite (5.1) in the following variable

(similarly to the previous section)

p =R(v − u), f (v)= F(p). (5.3)

The kinetic equation (5.1) becomes
τA(F,u,R) = 1

ε
LF(p)= 1

ε

[
ΠF(p)− F(p)

]
,

B(F,u,R) =
∫

Rd

pA(F,u,R)(p)dp = 0
(5.4)

with

A(F,u,R) = TuF + (
R−1p

) · ∇xF − [
RCu + URp− (

R−1p
) · ∇xR

(
R−1p

)] · ∇pF, (5.5)

and

UR = (R∇xu− TuR)R
−1. (5.6)

We recall that

TuF = ∂F

∂t
+ u · ∇xF, Cu = ∂u

∂t
+ (∇xu)u

and thatΠ is theL2 orthogonal projection onto

N =
{
F ∈ L2(

R
d
) ∣∣∣ F(p)= g(ξ) with ξ =

(
p2

1
2
, . . . ,

p2
d

2

)}
.

5.1. Approximate macroscopic m odels to the first and second orders in a variable frame

5.1.1. The multivalued energy fluid model to the first order in a variable frame
Here, our aim is to derive a first order approximation to (5.4) with respect toε. Let g =ΠF , we immediately get from (5.5

A(g,u,R)= Tug +p · (R∇x)g −
d∑
i=1

(RCu)ipi
∂g

∂ξi
−

d∑
i,j=1

pipjUR
ij

∂g

∂ξi
+

d∑
i,j,k=1

Ωijkpipj pk
∂g

∂ξi
(5.7)
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with

n,

tion 3,

ation of
Ωijk =
d∑

l,m=1

RjmRkl
∂Ril

∂xm
. (5.8)

Note that in writing the right-hand side of (5.7) we repeteadly used thatR−1 = RT, RT denoting the transpose matrix. The
the results obtained in Section 3 can be used by just making the changes

Cu −→RCu, ∇xu−→ UR, ∇x −→ R∇x (5.9)

and considering the effects due to the new term

ΛΩ(g)=
d∑

i,j,k=1

Ωijkpipjpk
∂g

∂ξi
, (5.10)

as follows from a simple comparison with (3.3).
We now investigate the solvability conditions that make the Ansatz

F = g(ξ)+ εF1 (5.11)

an order one approximate solution of the kinetic model (2.13) with the collision kernel given by (5.1). Similarly to Sec
a sufficient and necessary condition forF1 to be a solution ofτ(ξ, g)A(g,u,R)= LF1 is

ΠA(g,u,R) = Tug − 2
d∑

i=1

UR
ii ξi

∂g

∂ξi
= 0, (5.12)

as deduced from a simple application of Lemma 3.1. Also, straightforward calculations lead to

B(g,u,R)k =
∫

Rd

pkA(g,u,R)dp

= ρ(RCu)k + 2
d∑
i=1

Rki
∂Wk

∂xi
− 2

d∑
i=1

(Ωiik +Ωiki)Wk − 2
d∑

i=1

ΩkiiWi , (5.13)

where the subscriptk indicates thek-th component of the corresponding vector.
Then, it follows that the (first order) macroscopic equations associated with (5.11) are given by

∂g

∂t
+ u · ∇xg − 2

d∑
i=1

UR
ii ξi

∂g

∂ξi
= 0, (5.14)

ρ

[
R
∂u

∂t
+R(∇xu)u

]
k

+ 2
d∑

i=1

Rki
∂Wk

∂xi
− 2

d∑
i=1

(Ωiik +Ωiki )Wk − 2
d∑

i=1

ΩkiiWi = 0. (5.15)

5.1.2. The multivalued energy fluid model to the second order in a variable frame
We now analyze the conditions under which

F = g(ξ)+ εF1 + ε2F2 (5.16)

is an order two approximate solution of the kinetic model. To this aim, we first observe that the solution to the first equ
(3.8) is given by

F1 = −τ(ξ, g)(I −Π)A(g,u,R) = −
d∑

i=1

τpi�∇R
i g +

d∑
i,j=1

(1− δij )pipjUR
ij τ

∂g

∂ξi
− τΛΩ(g), (5.17)

where we denoted (cf. (3.17))

�∇R
i g =

d∑
j=1

Rij
∂g

∂xj
− (RCu)i

∂g

∂ξi
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and used the expressions forΛΩ(g), A(g,u,R) andΠA(g,u,R) given in (5.10), (5.7) and (5.12), respectively.
e
Now, Proposition 3.2 applies again to ensure thatF , defined by (5.16) withΠF1 = ΠF2 = 0, is an order two approximat

solution if and only if{
ΠA(g,u,R)+ εΠA(F1, u,R)= 0,

B(g,u,R)+ εB(F1, u,R)= 0,
(5.18)

whereB(F1, u,R) = ∫
pA(F1, u,R)dp andB(g,u,R) is given by (5.13). Hence, to derive the whole model for(g,u) it is

enough to computeΠA(F1, u,R) andB(F1, u,R).

Lemma 5.3. We have

(i) −ΠA(F1, u,R)=
d∑
i=1

[
2ξi�∇R

i

(
τ�∇R

i g
)− (RCu)iτ�∇R

i g
]+ 2

d∑
i,j=1

(1− δij )
[(
UR
ij

)2
ξj + UR

ij U
R
jiξi

]
τ
∂g

∂ξi

+ 4
d∑

i,j=1

(1− δij )ξi ξj

[(
UR
ij

)2 ∂

∂ξi

(
τ
∂g

∂ξi

)
+ UR

ij U
R
ji

∂

∂ξj

(
τ
∂g

∂ξi

)]

− 2
d∑

i,j=1

ξi
[
(RCu)j τ�∇Ω

iij g −Ωjiiτ�∇R
j g
]

− 8
d∑

i=1

ξ2
i

[
�∇R
i

(
Ωiiiτ

∂g

∂ξi

)
+ ∂

∂ξi

(
Ωiii τ�∇R

i g
)+ d∑

j=1

Ωjiiτ�∇Ω
iij g

]

+ 4
d∑

i,j=1

ξiξj

[
�∇Ω
iij

(
τ�∇R

j g
)+ �∇R

j

(
τ�∇Ω

iij g
)+

d∑
k=1

(
Ωkjj τ�∇Ω

iikg + τ�∇Ω
kjig

)]

− 16
d∑

i,j=1

ξ2
i ξj

[
�∇Ω
iij

(
τ�∇Ω

iij g
)+ ∂

∂ξi

(
Ωiiiτ�∇Ω

jjig
)+ �∇Ω

jji

(
Ωiii τ

∂g

∂ξi

)]

+ 128
d∑

i=1

ξ3
i Ω

2
iii

∂

∂ξi

(
τ
∂g

∂ξi

)
+ 8

d∑
i,j,k=1

ξiξj ξk

[
��∇Ω

ijk

(
τ
∂g

∂ξi

)
+ �∇Ω

jjk(τ
�∇Ω
iikg)

]
, (5.19)

where we denoted

�∇Ω
ijkg = (Ωijk +Ωikj )

∂g

∂ξi
+Ωkji

∂g

∂ξk
, (5.20)

��∇Ω

ijkg = (Ωijk +Ωikj )�∇Ω
kjig. (5.21)

(ii) B(F1, u,R)k = −
d∑

i,j=1

[
Rij

∂

∂xj
− (Ωjij +Ωjji)

](
µkiUR

ik +µikUR
ki

)

+
d∑

i,j=1

Ωkij

(
µjiUR

ij +µijUR
ji

)− 2

[(
Tu +UR + tr

(
UR

)
I
) ∫
Rd

ξτ�∇Rg dp

]
k

−
[(
Tu +UR + tr(UR)I

)
0

d∑
i,j,l=1

Ωijl

∫
Rd

p ⊗ pipjplτ
∂g

∂ξi
dp

]
k

, (5.22)

whereµij are the coefficients of the viscosity matrix given by(3.20)and tr(UR) denotes the trace ofUR = (R∇xu− ∂R/∂t −
u · ∇xR)R

−1.

Proof. We first computeA(F1, u,R). For that, it is convenient to consider the following splitting

A(F1, u,R)= A1(g,u,R)+A2(g,u,R),
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where the first operator just retains the terms obtained by applying the transformations (5.9) to the results found for the case
Ω
R = I (cf. (3.22)) and the second one incorporates the additional terms due toΛ (g), given by (5.10). Indeed,

A1(g,u,R)= A
(
F1 + τΛΩ(g),u,R

)−ΛΩ
(
F1 + τΛΩ(g)

)
, (5.23)

A2(g,u,R)=ΛΩ
(
F1 + τΛΩ(g)

)−A
(
τΛΩ(g),u,R

)
. (5.24)

Then, there only remains to calculateA2(g,u,R). We have

−A2(g,u,R)= Tu

(
d∑

i,j,k=1

Ωijkpipjpkτ
∂g

∂ξi

)
+

d∑
i,j,k,l,m=1

pipjpkplRlm
∂

∂xm

(
Ωijkτ

∂g

∂ξi

)

−
d∑
l=1

[
(RCu)l +

d∑
m=1

UR
lmpm

] d∑
i,j,k=1

Ωijk
∂

∂pl

(
pipjpkτ

∂g

∂ξi

)

+
d∑

l,m,n=1

Ωlmnpmpn

d∑
i,j,k=1

Ωijk
∂

∂pl

(
pipjpkτ

∂g

∂ξi

)

+
d∑

k,l,m=1

Ωklmplpm
∂

∂pk

(
d∑
i=1

τpi�∇R
i g −

d∑
i,j=1

(1− δij )pipjUR
ij τ

∂g

∂ξi

)

= Tu

(
d∑

i,j,k=1

pipjpkΩijkτ
∂g

∂ξi

)
+

d∑
i,j,k,l,m=1

pipjpkplRlm
∂

∂xm

(
Ωijkτ

∂g

∂ξi

)

−
d∑
l=1

[
(RCu)l +

d∑
m=1

UR
lmpm −

d∑
m,n=1

Ωlmnpmpn

]
d∑

i,j,k=1

Ωijk

[
(δilpjpk + δjlpipk + δklpipj )

× τ
∂g

∂ξi
+ pipjpkpl

∂

∂ξl

(
τ
∂g

∂ξi

)]
+

d∑
k,l,m=1

Ωklmplpm

{
d∑
i=1

[
δikτ�∇R

i g + pipk
∂

∂ξk

(
τ�∇R

i g
)]

−
d∑

i,j=1

(1− δij )UR
ij

[
(δikpj + δjkpi )τ

∂g

∂ξi
+ pipjpk

∂

∂ξk

(
τ
∂g

∂ξi

)]}
. (5.25)

Using again Lemma 3.1 repeteadly, elementary but lengthy computations lead to

−ΠA2(g,u,R)= −2
d∑

i,j=1

ξi
[
(RCu)j τ�∇Ω

iij g −Ωjiiτ�∇R
j g
]

− 8
d∑
i=1

ξ2
i

[
�∇R
i

(
Ωiii τ

∂g

∂ξi

)
+ ∂

∂ξi

(
Ωiiiτ�∇R

i g
)+

d∑
j=1

Ωjiiτ�∇Ω
iij g

]

+ 4
d∑

i,j=1

ξiξj

[
�∇Ω
iij

(
τ�∇R

j g
)+ �∇R

j

(
τ�∇Ω

iij g
)+ d∑

k=1

(
Ωkjj τ�∇Ω

iikg + τ��∇Ω

kjig
)]

+ 128
d∑

i=1

ξ3
i Ω

2
iii

∂

∂ξi

(
τ
∂g

∂ξi

)
+ 8

d∑
i,j,k=1

ξiξj ξk

[
��∇Ω

ijk

(
τ
∂g

∂ξi

)
+ �∇Ω

jjk

(
τ�∇Ω

iikg
)]

− 16
d∑

i,j=1

ξ2
i ξj

[
�∇Ω
iij

(
τ�∇Ω

iij g
)+ ∂

∂ξi

(
Ωiii τ�∇Ω

jjig
)+ �∇Ω

jji

(
Ωiii τ

∂g

∂ξi

)]
,

with the notations introduced in (5.20) and (5.21). This concludes the proof of (i).
We finally proceed to computeB(F1, u,R). IntegratingpA(F,u,R) with respect top yields



504 P. Degond et al. / European Journal of Mechanics B/Fluids 22 (2003) 487–509

B(F,u,R) = (RCu)

∫
F dp + (R∇x) ·

∫
p ⊗ pF dp

)

s of
Rd Rd

+
(
∂

∂t
+ u · ∇x + UR + tr

(
UR

)
I

)∫
Rd

pF dp +
d∑

i,j,k=1

Ωijk

∫
Rd

p⊗ pjpk
∂F

∂pi
dp.

Then, when consideringF = F1 (given by (5.17)) we observe that the supplementary terms ofB(F1, u,R) (compared to (3.26)
due to rotational effects are those stemming from

B
(

−
d∑

i,j,l=1

Ωijlpipjplτ
∂g

∂ξi
, u,R

)
k

+
d∑

i,j,l=1

Ωijl

∫
Rd

pjpkpl
∂

∂pi

(
−

d∑
m=1

τpm�∇R
mg +

d∑
m,n=1

(1− δmn)pmpnUR
mnτ

∂g

∂ξm

)
dp

=
d∑

i,j=1

Ωkij

(
µjiUR

ij +µijUR
ji

)+ d∑
i,j=1

(Ωjji +Ωjij )
(
µkiUR

ik +µikUR
ki

)

−
[(
Tu + UR + tr

(
UR

)
I
) d∑
i,j,l=1

Ωijl

∫
Rd

p ⊗ pipjplτ
∂g

∂ξi
dp

]
k

.

Now we are done with the proof.✷
The above calculations lead to the following result.

Proposition 5.5. If (F,u) is a solution to(5.4), then(g = ΠF,u) satisfies the following system of equations up to term
order 2 in ε:

∂g

∂t
+ u · ∇xg − 2

d∑
i=1

UR
ii ξi

∂g

∂ξi

= ε

d∑
i=1

[
2ξi�∇R

i

(
τ�∇R

i g
)− (RCu)iτ�∇R

i g
]+ 2ε

d∑
i,j=1

(1− δij )
[(
UR
ij

)2
ξj + UR

ij U
R
jiξi

]
τ
∂g

∂ξi

+ 4ε
d∑

i,j=1

(1− δij )ξi ξj

[(
UR
ij

)2 ∂

∂ξi

(
τ
∂g

∂ξi

)
+ UR

ij U
R
ji

∂

∂ξj

(
τ
∂g

∂ξi

)]

− 8ε
d∑
i=1

ξ2
i

[
�∇R
i

(
Ωiiiτ

∂g

∂ξi

)
+ ∂

∂ξi

(
Ωiii τ�∇R

i g
)+ d∑

j=1

Ωjiiτ�∇Ω
iij g

]

− 2ε
d∑

i,j=1

ξi
[
(RCu)j τ�∇Ω

iij g −Ωjiiτ�∇R
j g
]+ 4ε

d∑
i,j=1

ξiξj

[
�∇Ω
iij

(
τ�∇R

j g
)+ �∇R

j

(
τ�∇Ω

iij g
)

+
d∑

k=1

(
Ωkjj τ�∇Ω

iikg + τ��∇Ω

kjig
)]+ 128ε

d∑
i=1

ξ3
i Ω

2
iii

∂

∂ξi

(
τ
∂g

∂ξi

)

− 16ε
d∑

i,j=1

ξ2
i ξj

[
�∇Ω
iij

(
τ�∇Ω

iij g
)+ ∂

∂ξi

(
Ωiiiτ�∇Ω

jjig
)+ �∇Ω

jji

(
Ωiii τ

∂g

∂ξi

)]

+ 8ε
d∑

i,j,k=1

ξiξj ξk

[
��∇Ω

ijk

(
τ
∂g

∂ξi

)
+ �∇Ω

jjk

(
τ�∇Ω

iikg
)]
, (5.26)



P. Degond et al. / European Journal of Mechanics B/Fluids 22 (2003) 487–509 505

ρ

[
R

(
∂ū + (∇x ū)ū

)]
+ 2

d∑
Rki

∂Wk − 2
d∑
(Ωiik +Ωiki)Wk − 2

d∑
ΩkiiWi

)

∂t k i=1
∂xi

i=1 i=1

= ε

d∑
i,j=1

[
Rij

∂

∂xj
− (Ωjji +Ωjij )

](
µki�UR

ik +µik�UR
ki

)− ε

d∑
i,j=1

Ωkij

(
µji �UR

ij +µij �UR
ji

)
, (5.27)

whereτ = τ(ξ, g) and the symbols�∇R
i ,

�∇Ω
ijk and��∇Ω

ijk denote the following oblique–derivative operators

�∇R
i g =

d∑
j=1

Rij
∂g

∂xj
− (RCu)i

∂g

∂ξi
,

�∇Ω
ijkg = (Ωijk +Ωikj )

∂g

∂ξi
+Ωkji

∂g

∂ξk
,

��∇Ω

ijkg = (Ωijk +Ωikj )�∇Ω
kjig,

and whereu and ū are connected by

ρ
[
R(ū− u)

]
k

= 2ε

( ∫
Rd

ξkτ(ξ, g)�∇R
k g dp + 2

d∑
j=1

∫
Rd

ξj ξkτ(ξ, g)�∇Ω
jjkg dp − 4Ωkkk

∫
Rd

ξ2
k τ(ξ, g)

∂g

∂ξk
dp

)
(5.28)

for k = 1,2, . . . , d. Here,dp = 2−d/2(ξ1ξ2, . . . , ξd)
−1/2 dξ . Also, the densityρ and the internal energyW are still defined by

the following moments ofg(
ρ(x, t)

Wk(x, t)

)
=
∫

Rd

(
1

ξk

)
g(x, ξ, t)dp,

andµ is the viscosity matrix with coefficients

µij = −4
∫

Rd

(1− δij )ξiξj τ(ξ, g)
∂g

∂ξi
dp.

The proof is analogous to that of Proposition 3.3 by making use of Lemma 5.3. We just remark thatū chosen as in (5.28
is again a ‘true’ mean velocity of the distribution function up to second order terms inε. Indeed, integrating Eq. (5.26) forg
againstp yields

∂ρ

∂t
+ u · ∇xρ + tr

(
UR

)
ρ = 2ε

d∑
i,j=1

[
Rij

∂

∂xj
− (Ωjji +Ωjij )

]( ∫
Rd

ξiτ (ξ, g)�∇R
i g dp

+ 2Ωiii

∫
Rd

ξ2
i τ (ξ, g)

∂g

∂ξi
dp + 2

d∑
k=1

∫
Rd

(1− δik)ξiξkτ(ξ, g)�∇Ω
kkig dp

)
.

Introducing nowū according to (5.28) we find

∂ρ

∂t
+ u · ∇xρ + tr

(
UR

)
ρ =

d∑
i,j=1

[
Rij

∂

∂xj
− (Ωjji +Ωjij )

](
ρ
[
R(ū− u)

]
i

)
,

which eventually becomes the balance equation

∂ρ

∂t
+ ū · ∇xρ + tr

(�UR
)
ρ = 0 (5.29)

by just accounting for[
Rij

∂

∂xj
− (Ωjji +Ωjij )

](
ρ
[
R(ū− u)

]
i

)= (u− ū) · ∇xρ + tr
[(
R∇x(u− ū)− (u− ū) · ∇xR

)
R−1]ρ.
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Here, we denoted

ltiplying

the
�UR = (
R∇x ū− TūR

)
R−1. (5.30)

Then, we have

ρ(RCu)+
(
∂

∂t
+ u · ∇x + UR + tr

(
UR

)
I

)[
ρR(ū− u)

]
= ū · ∇xρ(Ru)+

(
∂

∂t
+ UR

)[
ρ(Rū)

]+ tr
(�UR

)
I (ρRu)+ tr

(
UR

)
I
[
ρR(ū− u)

]+R(u · ∇x)
[
ρ(ū− u)

]
= ρ(RCū)+ tr

(�UR
)
I
[
ρR(ū− u)

]+R(u · ∇x)
[
ρ(ū− u)

]
+ [

R∇x(u− ū)
]
(ρū)+ (

u · ∇xρ + tr
(�UR

)
ρI
)[
R(u− ū)

]
= ρ(RCū)+ tr

(
UR − �UR

)
I
[
ρR(ū− u)

]+R
[
(ū− u) · ∇x

][ρ(u− ū)],
where we have repeteadly used the continuity equation (5.29). Consequently, we deduce from (5.28) that

ρ(RCu)+
(
∂

∂t
+ u · ∇x + UR + tr

(
UR

)
I

)
ρR(ū− u)= ρ(RCū)+ O

(
ε2),

which implies that Eq. (5.27) is satisfied up to terms inε2.
Finally, repeating the argument of Remark 1 we get∫

vf dv =
∫ (

R−1p
)
F dp + u

∫
F dp = ρu+ ε

∫ (
R−1p

)
F1 dp + O

(
ε2),

wheref (v)= F(v − u) with F given by (3.5). Now, inserting (5.17) into the above expression yields

ε

∫ (
R−1p

)
l
F1 dp = −ε

∫ (
R−1p

)
l

(
d∑
i=1

τpi�∇R
i g +

d∑
i,j,k=1

Ωijkpipjpkτ
∂g

∂ξi

)
dp = ρ(ū− u)l,

so that

ρū=
∫

vf dv + O
(
ε2).

5.2. The moment system

In this section we derive the system of moment equations for the second order approximate model (5.26), (5.27). Mu
Eq. (5.26) forg successively by 1 andξk , with k = 1,2, . . . , d, and integrating against dp = 2−d/2(ξ1ξ2, . . . , ξd)

−1/2 dξ yields
the following

Proposition 5.6. The model(5.26), (5.27)of Proposition5.5 implies the following non-closed system of equations on
quantities(ρ, ū,Wk):

∂ρ

∂t
+ ū · ∇xρ + tr

(�UR
)
ρ = 0, (5.31)

ρ

[
R

(
∂ū

∂t
+ (∇x ū)ū

)]
k

+ 2
d∑
i=1

Rki
∂Wk

∂xi
− 2

d∑
i=1

(Ωiik +Ωiki)Wk − 2
d∑
i=1

ΩkiiWi

= ε

d∑
i,j=1

[
Rij

∂

∂xj
− (Ωjji +Ωjij )

](
µki�UR

ik +µik�UR
ki

)− ε

d∑
i,j=1

Ωkij

(
µji �UR

ij +µij �UR
ji

)
, (5.32)

∂Wk

∂t
+ ū · ∇xWk + tr

(�UR
)
Wk + 2�UR

kkWk

= ε

d∑
i=1

[
µik

(�UR
ki

)2 +µki �UR
ik

�UR
ki

]− 8ε
d∑

i,j=1

∫
Rd

ξiξj ξkτ
��∇Ω

kjig dp
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+ 8εΩkkk

( ∫
ξ2
k τ

∂g
dp − 16Ωkkk

∫
ξ3
k τ

∂g
dp+ 2

d∑ ∫
ξ2
k ξlτ

�∇Ω
llkg dp

)

ts

t

Rd

∂ξk
Rd

∂ξk
l=1

Rd

− 24εΩkkk
Wk

ρ

( ∫
Rd

ξkτ�∇R
k g dp − 4Ωkkk

∫
Rd

ξ2
k τ

∂g

∂ξk
dp + 2

d∑
l=1

∫
Rd

ξkξlτ�∇Ω
llkg dp

)

+ 16ε
d∑
i=1

[
(Ωkki +Ωkik)

∫
Rd

ξiξ
2
k τ

�∇Ω
kkig dp +Ωkii

∫
Rd

ξ2
i ξkτ

�∇Ω
iikg dp

]

+ ε

d∑
i,j=1

[
Rij

∂

∂xj
− (Ωjji +Ωjij )

]
(qk)i − 2ε

d∑
i=1

(Ωkki +Ωkik)(qk)i − 2ε
d∑
i=1

Ωkii(qi )k, (5.33)

whereµ is the viscosity matrix related tog by (3.20)andqk (for k = 1,2, . . . , d) is thek-th heat flux vector whose componen
are given by

(qk)i = 2
∫

Rd

ξiξkτ(ξ, g)�∇R
i g dp − 8Ωiii

∫
Rd

ξ2
i ξkτ(ξ, g)

∂g

∂ξi
dp + 4

d∑
l=1

∫
Rd

ξi ξkξlτ (ξ, g)�∇Ω
llig dp

− (1+ 2δik)
Wk

ρ

(
2
∫

Rd

ξi τ�∇R
i g dp − 8Ωiii

∫
Rd

ξ2
i τ

∂g

∂ξi
dp + 4

d∑
l=1

∫
Rd

ξiξlτ�∇Ω
llig dp

)
. (5.34)

Proof. Eqs. (5.31) and (5.32) were already established. We then multiply Eq. (5.26) forg timesξk and integrate with respec
to dp to obtain

1

ε

[
∂Wk

∂t
+ ∇x · (uWk)+ tr

(�UR
)
Wk + 2(∇xu)kkWk

]
=

d∑
i=1

[
µik

(
UR
ki

)2 +µkiUR
ikU

R
ki

]
+ 2(RCu)k

( ∫
Rd

ξkτ�∇R
k g dp − 4Ωkkk

∫
Rd

ξ2
k τ

∂g

∂ξk
dp + 2

d∑
i=1

∫
Rd

ξiξkτ�∇Ω
iikg dp

)

+ 2
d∑

i,j=1

[
Rij

∂

∂xj
− (Ωjji +Ωjij )

]( ∫
Rd

ξiξkτ�∇R
i g dp − 4Ωiii

∫
Rd

ξ2
i ξkτ

∂g

∂ξi
dp

+ 2
d∑
l=1

∫
Rd

ξi ξkξlτ�∇Ω
llig dp

)
− 4

d∑
i=1

(1− δik)(Ωkki +Ωkik)

( ∫
Rd

ξiξkτ�∇R
i g dp

− 4Ωiii

∫
Rd

ξ2
i ξkτ

∂g

∂ξi
dp + 2

d∑
l=1

∫
Rd

ξiξkξlτ�∇Ω
llig dp− 4

∫
Rd

ξiξ
2
k τ

�∇Ω
kkig dp

)

− 8
d∑

i,j=1

(Ωkij +Ωkji )

∫
Rd

(1− δij )ξiξj ξkτ�∇Ω
ijkg dp

− 4
d∑
i=1

Ωkii

( ∫
Rd

ξi ξkτ�∇R
k g dp − 4Ωkkk

∫
Rd

ξiξ
2
k τ

∂g

∂ξk
dp + 2

d∑
l=1

∫
Rd

ξiξkξlτ�∇Ω
llkg dp

)
.

As in the proof of Proposition 4.4, using now the first order approximate macroscopic equation

ρ

[
R
∂u

∂t
+R(∇xu)u

]
k

+ 2
d∑

i=1

Rki
∂Wk

∂xi
− 2

d∑
i=1

(Ωiik +Ωiki )Wk − 2
d∑

i=1

ΩkiiWi = 0

and formula (5.28) connectingu andū leads to the equation (5.33), (5.34). This concludes the proof.✷



508 P. Degond et al. / European Journal of Mechanics B/Fluids 22 (2003) 487–509

5.3. Evolution equation for the rotation matrix

estion is

ved.
opic level,
dal-BGK
We recall that the kinetic equation under study (in the variable frame) is

Tuf =Q(f,u) = 1

τ(x, ξ, t)
(ΠNu,R

f − f ),

ΠNu,R
denoting the orthogonal projection (in the velocity variable) onto the space of all functions of the form

f (v)= g

(
(R(v − u))21

2
, . . . ,

(R(v − u))2
d

2

)
and whereu andf are connected in such a way that the total momentum operator is preserved (cf. (2.7)). Now the qu
how to choose the rotation matrixR(x, t). Two possibilities will be explored below. The first one consists in choosingR such
that the stress tensor is preserved, and the second one used a rotational derivative.

5.3.1. Preserving the stress tensor
Here, we consider thatR(x, t) is linked with the distribution functionf in such a way that the stress tensor is also preser

One advantage of this approach is the fact that it leads to large systems of conservation equations at the macrosc
including equations on the stress tensor coefficients. This is similar to systems of moments derived from the ellipsoi
model for instance [19]. The derivation of such moment systems in the present case is deferred to a future work.

In the variables associated with the fluid framep = R(x, t)(v − u), we then have∫
p ⊗ pτ−1(ξ)(ΠF − F)dp = 0, (5.35)

with ξ = (p2
1/2, . . . , p

2
d/2) andF(p) = f (v). This equivalent to∫

Rd

pipj τ
−1F dp = 0 if i �= j.

Now, if we use a Chapman–Enskog expansion,F = F0 + εF1 with F0 =ΠF , as previously, we get∫
Rd

pipj τ
−1F1 dp = O(ε) if i �= j.

We then deduce from the expression ofF1 given by (5.17), after some calculations(
UR
i,j + UR

j,i

) ∫
Rd

ξiξj
∂g

∂ξi
dp = 0, if i �= j,

whereUR is given by (5.6). Observing that∫
Rd

ξi ξj
∂g

∂ξi
dp = −1

2

∫
Rd

ξj g(ξ)dp < 0, if i �= j,

we get

UR
i,j + UR

j,i = 0, if i �= j.

Now we use the expression ofUR given by (5.6) and the fact that we have

(TuR)R
T +R(TuR)

T = Tu
(
RRT)= 0,

and obtain[
Rσ(u)RT]

ij
= 0, if i �= j,

which means thatR diagonalizes the symmetric tensorσ(u)= ∇xu+∇xu
T. In other words, the columns ofR are eigenvectors

of σ(u).



P. Degond et al. / European Journal of Mechanics B/Fluids 22 (2003) 487–509 509

5.3.2. Material derivative ofR(x, t)
ow.

ng with
a

inetic
erics,
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. Phys., in

(1999)

transport
in press.
ry, Open
Now, we consider the second choice (regarding the matrixR) where the fluid anisotropy must be preserved by the fl
Precisely, we want to write a transport equation onR that preserves the tensorial and the orthogonal characters ofR. The so
called ‘Jaumann Derivative’ provides the simplest transport equation satisfying these constraints [20]. It reads

DR

Dt
= TuR + 1

2

(
ωR +RωT)= 0, (5.36)

with

ω = ∇xu− ∇xu
T.

In other words this equation gives the time rate of change, following a fluid element, in a coordinate frame rotati
the instantaneous fluid angular velocity. This evolution equation needs a value ofR at initial time. A possible value may be
matrixR that diagonalizesσ(u) at t = 0.
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