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Abstract

This work is concerned with some extensions of the classical compressible Euler model of fluid dynamics in which the
fluid internal energy is a measure-valued quantity. A first extension was derived from the hydrodynamic limit of a kinetic
model involving a specific class of collision operators typical from quasi-linear plasma theory (see Eur. J. Mech. B Fluids 20
(2001) 303-327, and Contin. Mech. Thermodyn. 10 (1998) 153-178). In these papers the collision operator simply describes
the isotropization of the kinetic distribution function about some averaging velocity. In the present work we introduce a new
extension of such models in which the relaxed distribution is anisotropic. Similarly to (Eur. J. Mech. B Fluids 20 (2001) 303—
327) and (Contin. Mech. Thermodyn. 10 (1998) 153-178) this model is derived from a kinetic equation with a collision operator
that relaxes to anisotropic equilibria. We then investigate diffusive corrections of this fluid-dynamical model using Chapman—
Enskog techniques and show how the anisotropic character affects the expression of the viscosity and of the heat flux.

O 2003 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Anisotropic fluid models are widely used in relativistic astrophysics and cosmology. This has motivated increasing interest
and progress in the study of (relativistic) fluid systems with anisotropic stresses in the last years. From a physical point of
view, anisotropic fluid spheres have constituted a useful model for discussing anisotropy since the early 70’s (see [1]). More
recently, the spherically symmetric collapse of anisotropic fluid objects into a black hole has been investigated by several
authors [2,3]. Actually, there are known exact, analytical solutions of anisotropic fluid bodies collapsing into black holes. Also,
theoretical investigations about realistic stellar models show that the stellar matter is composed of anisotropic fluid at least in
very high density ranges, where nuclear interactions are dealt with relativistically. An important example is solar wind. Indeed,
the electromagnetic turbulence in solar wind tends to be anisotropic, with smooth variations along the ambient magnetic field
and sharp variations perpendicular to the ambient field. Other fields of application of anisotropic fluid theories are liquid crystals,
fiber composites, flow through porous media and electrorheology. In fact, a great part of the potential applicability of anisotropic
fluid theory comes from complex materials with internal microstructure such as polymers, melts, concentrated suspensions and
emulsions, among others.

In this paper we examine a kinetic approach to anisotropic fluids with multivalued internal energy from a mathematical
perspective. In a recent work [4], a fluid-dynamical model which extends the classical Euler equations of compressible gas
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dynamics was investigated. It consists of a coupled system for the fluid mean velgcity) on the one hand, and for
the particle energy distribution functiogi(x, &,¢) on the other hand, where and: denote position and time and where
&= %|v —u(x, 1)|? € [0, 00) is the kinetic energy of a particle with velocityin the fluid rest frame. This system of equations
is written in dimensiond (d =1, 2, 3) as

a 2.9

28w Veg— 265V, ) =0,

ot d’ 3¢ (1.1)

] 2 '

E(p”) + Vi (ouu) + EVXW =0,

wherep andW are the fluid number and energy densities, relategttowrough
o o
o= [saer W= [esde, (1.2)

0 0

with dv(€) = [S?1)261~2/2d¢ and whergS? 1| is the Lebesgue measure of the unit spher&4n The particle mass is
set to 1 for simplicity. By integrating (1.1) with respect&pa closed system of equations for the number and energy densities
p and W and the mean velocity is obtained, which turns out to be identical to the usual compressible Euler equations (see
[5,6]). In this sense, we claim that the system (1.1) extends the classical compressible Euler model of fluid dynamics.
It was shown in [5,6] that this model can be formally derived from a hydrodynamic limit Q) of the kinetic equation
U pvver =200, @3
t €

wheref = f(x, v, t) is the kinetic distribution function andis the (supposedly small) Knudsen number. The collision operator
Q(f) describes the isotropization of the particle distribution function about the fluid mean velocity. This operator is written as

1
Q(f)=;(Pu,f—f), (1.49)
with

1
Puff(x,v,t)=E / fxoup+v—uyslot)do, (1.5)
Sd*l

-1
up(x,t)= (/vf(x,v,t)dv)(/f(x,v,t)dv) , (1.6)

whereu  is the average velocity of andt = 7(x,t) is the mean collision time. The collision model (1.3)-(1.6) appears
in space plasma physics as a simplified description of wave—particle interactions and has proved to be useful in cosmic ray
modeling (see, for example, [7—10]). The existence of solutions to the whole space initial value problem associated with (1.3)
was proved in [11]. An existence theorem under milder assumptions, allowing for the occurrence of vacuum regions, was proven
in [12]. Also, the incompressible limit of (1.3)-(1.6) towards the Navier—Stokes equation coupled with a transport—diffusion
equation for the energy distribution functigiix, &£, ) has been computed rigorously in [13]. In [4], diffusive corrections to the
macroscopic system (1.1) were derived from the kinetic model (1.3)—(1.6), in whics supposed to depend on the internal
energyé = %|v — u(x,1)|? and not only on(x, t). In this case, the expression of has to be modified in order to ensure
momentum conservatiorfs vQ(f)dv =0. In particulary ¢ is no longer the average velocity in the usual sense (1.6), butis
linked with the distribution functiory implicitly.

Nevertheless, the isotropy assumption ignores any statistically preferred direction. To overcome this (unrealistic) situation,
in the present paper we consider a kinetic model of the form (1.3) with a collisional operator that relaxes the distribution function
to an anisotropic equilibrium function. More precisely, given a velocity funciion ¢) we define the set

N2 (N2 _ 2
No={rer2@) | =S5 B0 L R (L7)
2 2 2
wherex;, denotes thé&-th component of a vector. To simplify the notation we set
. W-wi b-wj  -wj 18)
= T .
and then consider the following collision operator:
1
O(fiu)y=————UlIn, [ = ]), (1.9

t(‘x’ s? t)
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wherelT,, is the orthogonal projection ont;, with respect to the usual scalar productZif(R?). This collision operator
relaxes the distribution function to an anisotropic equilibrium which is isotropic in each direction. We shall see that such a
property provides a richer structure to the fluid limit of this kinetic model. The stress tensor, for instance, is still diagonal but is
not proportional to the identity tensor. Furthermore, the obtained viscosity is a non-sparse matrix while it is simply a scalar for
the isotropic model. As we shall also see, the first order fluid limit of the model (1.3) with the collision operator given by (1.9)
is a coupled system of equations for the velocity, t) and the particle energy—vector distribution functggy, &2, ..., &7):

d
a d
a_f +u-Vyg— ZZ(VXM)H%_[ % =0,
i=1 ! (1.10)
ad
p(a_u"'(qu)u) +2 W_kZO, fork:l,Z,...,d,
ot k 8Xk
wherep and W;, are the fluid number density and the energy density irktttedirection, related tg through
p= / gdv(§), Wi = / &g du(§), (1.11)

d d
R R

with dv(&) = 274/ 2(5;152, . E)"Y2de (see [5,14] for a first approach to these results in the isotropic case). We stress the
fact that, throughout this paper, the Einstein summation convention is not used. Indeed, théVietow; does not imply
summation ovek.

It is important to note that the system (1.10) again contains the classical Euler equations of compressible fluid dynamics.
The Euler system is obtained by simply integrating the first equation of (1.10) againstj amd summing ovet. This model
is in some sense an exact kinetic formulation of the Euler equation. In fact, a significant feature is that the system of moments of
g derived from the first equation of (1.10) is closed at any order. In [4], the authors argue why such a model can be viewed as an
Euler model with multivalued internal energy. We shall not reproduce the discussion here, but simply note that now the internal
energy in each direction may be different amtig dv(&) can be viewed as the probability that the internal energy irkttre
direction lies in the intervalgy, & + d&;] for all 1 < k < d. We refer to [4] and [14] for some more precise justifications of the
'multivalued internal energy’ terminology.

In this paper we also give expressions of diffusive corrections that can be added to the model (1.10). To that purpose we use
Chapman—Enskog expansions starting from the kinetic model (1.3) with the collision operator defined by (1.9).

Finally, we analyze the collisional kinetic model in a variable frame. The isotropization in the directions of the laboratory
frame leads to the fact that the stress tensor is diagonal in this fixed system of coordinates, which is not realistic for a general
fluid. In some situations (when the stress tensor is not a scalar), the eigenvectors of the stress tensor in a fluid depend on the
positionx and on the time. To account for this important point, the isotropization axes in the kinetic model have to depend on
position and time and one has to consider an orthogonal transforniatiom) from the laboratory system of coordinates to the
isotropization axes, which are the eigenvectors of the stress tensor. The so obtained collision operator provides supplementary
terms in its fluid limit, as we shall see later. The introduction of an orthogonal transformation leads to the natural question of
how to choose the rotation matriX(x, ). Two possible solutions are investigated: the first one is to write a material derivative
for this rotation that obeys the material invariance principle. The second way is to dete&®(wing by imposing an additional
constraint on the collision operator such as the conservation of the stress tensor:

/viva(f)dvzo, i,j=1...,d.
R4

Then we analyze the mathematical and physical consequences that result from the explicit consideration of the rotational
motion within the dynamical equations of the system, as well as their departure from conventional hydrodynamics. The origins
and relevance of rotational motion in anisotropic fluid theories were explored in detail in [15] from a perspective concerning
rigid body systems.

The paper is structured as follows: in Section 2 we give an overview of the main properties of the collision kernel (1.9) and
transform the kinetic problem to local coordinates in order to make the analysis simpler. Section 3 is devoted to the derivation
of the macroscopic dynamics induced by the collision operator (1.9) to the first and second orders. In Section 4 we derive the
moment system associated with the multivalued energy fluid equatigntéothe second order. Finally, Section 5 concerns the
analysis of the anisotropic model in a variable frame.
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2. Thecollision operator and thekinetic equation
2.1. The collision operator

We consider the collision operator defined by (1.9) written in the following form:

o(f u)=

TG Luf. (2.1

with
Ly f) =M, f(v) — f(v). (2.2)

The functionf = £(x, v, ?) is the particle distribution function, depending on the position vecteiR?, the velocityv € R¢

and the timer > 0. We recall thatlT s, is the L2-orthogonal projection onto the saf, (defined by (1.7)) and thdt is the

vector expressed by (1.8), which represents the particle kinetic energy in all the coordinate directions and is measured in a
reference frame moving with velocity. We shall refer t& as the ‘relative kinetic energy-vector’. On the other hand, the vector
u(x,t) =uy(x,t) is some sort of average velocity ¢f determined by the requirement th@tis momentum-preserving. To

make it explicit, we first need the following

Proposition 2.1. The following assertions hold true

(i) We have
Iy, Q(fiu) =0, (2.3)
or equivalently
-wi v-wi  @-wj _
/qb( > R o > )Q(f,u)(v)dv_o, (2.4)
R4

for all functions¢ (§) with & = (§1, &2, ..., &) and &, > 0. In particular, Q(f, u) preserves the density and the average
fluid energy in the frame moving with velocitywhich is expressed by

v —ul?

/ O(f.u)(v)dv =0, / ot wmadv=0 2.5)
R4 R4

(i) The null set of is the sel J,,cga Nu, whereN,, is defined by(1.7).
(iii) The collision operato(2.1), (2.2)preserves momentum, i.e., it satisfies

va(f, u)(v)dv =0, (2.6)
R4

if and only if the velocity: satisfies
/ w-wr e fw)dv=0, @2.7)

R4
with

(v—u)% (v—u)% (v—u)fl)

%_:(51,527---7501):( A R

In this case, the operator preserves the total fluid energy

|v|?
fTQ(f,u)(v) dv=0. (2.8)
Rd



P. Degond et al. / European Journal of Mechanics B/Fluids 22 (2003) 487-509 491

The proof is straightforward and can be deduced from [4].
In the remainder of the paper, we shall take: u ¢ satisfying (2.7) in the collision operator (2.1), (2.2). Note that Eq. (2.7)

definesu ¢ implicitly (because of the dependenceroft uponu ¢). Also, the velocityx ¢ does not coincide with the usual fluid
mean velocityii = u ; defined by

1

ﬁ:—/vf(v)dv, ,osz(v)dv. (2.9)
de R4

However, in the particular case of a distribution function of the fgi¢n) = f (¢), both concepts of average velocities coincide:

uy =iy (more preciselyy r is a solution of (2.7)). In this paper, we shall not dwell on the problem of solving (2.7) and assume
that there exists a unique ‘physically admissible’ velocity field solving (2.7).

2.2. The kinetic equation: approximate solutions and change to the local frame
We now consider the kinetic equation (1.3) with the collision operator defined by (2.1) and (2.2):
1 d
ngng(fe,ufe), TfEa—J:—{—v-fo, (2.10)
and define an approximate solution of (2.10) at the ondkerbe a solutionf? of
-1 .
Tf= EQ(f‘E,ufE)—i—O(e”). (2.11)

We show that Eq. (2.7) for the definition of; can be equivalently replaced by an equation involving the first moments of
Indeed, Eq. (2.10) is equivalent to the following system, of unknoyhandu®:

1
Tf‘E = gQ(fS,WE),

/(v —u®)t (e, £5) fFE)dv=0,
R4

(2.12)

whereé is linked tov — u® through (1.8). Since the second equation of (2.12) is equivalent to the fagd tisatnomentum-
conservative, the system (2.12) is equivalent to
1
TfE — _Q(fs’ ME),
&

/ (2.13)
vTfE(v)dv =0.

R4
Then,u® appears as the Lagrange multiplier of the momentum preservation constraint as expressed by the second equation
of (2.13).
The same splitting can be performed for the ordexpproximate solutions. Jndeegf,e is an approximate solution at the
ordern, according to the definition (2.11), if and only if there exigtssuch that( /¢, iz°) satisfies

- 1 -
Tfé= ;Q(f‘g,ﬁs) +0(e"),
/vae(v) dv=0(e").
]Rd

(2.14)

The ‘only if’ part is obvious with the choicé® = u 7o by multiplying (2.11) byv, integrating with respect to and using that

/vQ(f‘E,uf.g)dvzo. (2.15)
R4 .

Conversely, from (2.14) and (2.15) we have
/vQ(fg,ﬁg)dv - / VO (7%, u ;) do = O(e" 1),

R4 R4
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Thus, under the hypothesis that Eq. (2.7) has a unique branch of ‘physically admissible’ solutions and that this branch consists
of regular solutions of the nonlinear equation (2.7), we formally get

~ 1
MS = uf.g + O(€n+ )
This shows that every solutiofé of (2.14) is a solution to (2.11).

We now transform the approximate solutions defined by (2.14) by evaluating the kinetic velocities in the frame moving with
velocity #¢. We introduce the following notations:

27277772
For simplicity, we shall omit the superscrigtthe tildes and the argumentandx of the functionst and f whenever the context

is clear. We still denote by andu the solutions to (2.14) and h¥ the corresponding function obtained after performing the
change of variables (2.16). In terms Bf= F(p) we have

2 2 2
p=v—i, Fe(p)= fé(v), %‘:(ﬂ P2 ﬂ)eRi (2.16)

oF ou
Tf=¥ +u-VyiF+p-VyiF — 5 + (Vxwu ) - Vp F — ((Vxu)p) - Vp F,

whereVu denotes the matrix whose coefficients &¥gu);; = du; /dx ;. Then, the first equation of (2.14) becomes

1 n
A(F,u) = s LF +0O(¢"), (2.17)
wherelL is the operatoLq given by (2.2) foru = 0:
LF(p)=MF(p)— F(p), (2.18)
with IT being theL2-orthogonal projection onto
2 2 2
N= {F e L2(RY) | F(p) = g(®) with & = (1’_21 p—22 %)} (2.19)

and where the operatot is given by
A(F,u)=TyF +p-VyF —Cy - VpF — ((Vxu)p) -V, F,

T,F = or +u-VyF
o1 : (2.20)
Cy = 8_u + (Vyu)u.
u 8t X
Now we recall thai: and f are linked by the second equation of (2.14), which can be rewritten in terms of F as
/ pA(F,u)(p)dp=0(e"). (2.21)
R4

Using the expression ofl, we obtain by a simple integration

/ PA(F,u)(p)dp = B(F,u),
Rd
with

ad
B(F,u):Cu/de—{—Vx . </p®dep> + <§+u.vx+vxu+(vx ~u)1)</dep>. (2.22)
R4 R4 R4
Finally, the problem (2.14) is equivalent to the following system of equations:

1 n
{r(s, F)A(F, u) = ;LF+0(8 )- (2.23)

B(F,u) =0("),
with A(F, u) given by (2.20) and3(F, u) by (2.22).
In (2.23), the collision operatak is linear and independent af L is clearly a self-adjoint operator (inz) and its null-
space is simply the spagé given by (2.19). Note also that the implicit character of Eq. (2.7) is now concentrated in the second

equation of (2.23): giverf, the corresponding is simply a solution of an equation whose coefficients are averages of the
distribution functionF with respect tgp.
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3. Approximate macroscopic modelsto thefirst and second orders
3.1. The multivalued energy fluid model to the first order

In this section we check that the system (1.10) is indeed the first order approximate model associated with (2.10), for which
we shall use the formulation (2.23). The Chapman-Enskog expansion at a kinetic scale is a classical asymptotic technique
which bridges the gap between the Boltzmann-type equation modeling kinetic motion and the corresponding macroscopic fluid
equations. For a summarized presentation of the Chapman—Enskog procedure and related bibliography we refer the readers
to [4]. According to the Chapman—Enskog method, we assume that the first order approximate golatf@r23) has the form
F = Fp+ ¢F1 and insert this expression into the system (2.23):

T(§, Fo+ e F)[A(Fo, u) + e A(F1,u)] = ;LFO + LFy +O(e),
B(Fo, u) + eB(F1,u) = O(e).

(CHY)

Now, identifying terms of the same orderdrand removing the terms of ordewe obtain

LFy=0,

©(§, Fo) A(Fo,u) = LFy, 3.2)
B(Fg,u)=0.

The first equation of (3.2) implies thay is a function of = (pf/z, p%/Z, cees pg/Z) only: Fo(p) = g(£). The second equation
of (3.2) admits a solutior; if and only if ITA(Fp, u) = 0. We have

d
a
A(Fo,u) = A(g.u) =Tug + Zpl( s ) - (qu),»jpip,-a—;, 33
1 l,j:l 1

with 7,, andC,, given in (2.20). To makél. A(g, u) andB(g, u) explicit, we use the following elementary lemma (the proof of
which is omitted).

Lemma3.l Letp = (p1,..., ps) € R? and¢ be a function of

£= P% P% Pﬁ
=\5 55 )
Also denote

def .
AQZ{- = Sad‘sbeacf! BZ.I’;cd = Sababcacdaef! Cabcdef = ‘Sababcacdadeaef»

wheres is the usual Kronecker symbol. Then, for all indiéeg k,1,m,n € {1,2,...,d} we have

() Mlpip&)]=0.

(i) Mlpipj¢E)] =25 &).

(i) IT0p; pjprpicd (€)= A8 8kiikx + Bikdj1 + 818 jk)EiE; — 2618 jkOiEP1P (E).
(iv)

[ pipjppipmpnd ©)] =8[(AIE + AT + AT + AT + ALY + AT E8

k k k k kl lk
(Aljnlm 1]nlm + ;r]gln 7jlm)%-l€/€l + (Al]:ln Al]:ln)i:,éjém

+ (Al + AL ek + Al EitiEn

Jjl jk jm jn
_2(1_851)(Btkmn +Bllmn +Blkln Blklm)E Ej
—2(Bik

+ B]kmn + jkln ]’lilm)éls

ki
-2(1- Slk)(Bl]mn+Bljln ljlm)E & —2(1— 511)( 1]km l]kn)E &

— 21— i) BIR £ — 2B} 662 — ACijkimnE ] (6).

jlmn
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Then, we easily get

d

d
MAGg ) = Tug = 2 (Veu)ii o
i=1

&’
wherep andW;, are given by (1.11). Thus, it follows that the system (3.2) is equivalent to the system (1.2@rfdr. At this

level, the collision timer (¢, g) has no effect on the fluid model. In particular, at this order of approximation the discrepancy
between t he fluid mean velocifiyy and the velocity: = u ¢ is not detectable.

oW
Blg. ) = p(Culi 27+ (3.4)
Xk

3.2. The multivalued energy fluid model to the second order

Now we seek an order two approximate solution to (2.13). We recall that this corresponds to a $élutipto the system
(2.23) forn = 2. As for the first order, we assume thatas the form
F=g(x.£,0) +eF1+6°F (3.5)

and insert this expression into the system (2.23):

(5, g +eF1 + e2F2) [ A(g, u) + e A(F1, u) + 62 A(Fp,u)} = LFy + eLFp + O(?), 36)

B(g, u) + eB(Fy, u) + e2B(Fa, u) = O(&?). '
The first equation implies (in particular) thAtA(g, u) = O(e). Thus, the first equation of (3.6) can be rewritten as

1
T, g+eF1+ 82F2){(I —MA(g, u) + s[A(Fl, )+ SITAG, u)i| + 82 A(Fa, u)}

= LFy +¢LF>+0(s). (3.7)
We identify the terms of the same ordersimnd remove the terms of order 2. We get

T(€, 8 +eF1+ &2 Fp) (I — I A(g,u) = L1,

1
t(€, g +eF1+62F) [A(Fl, u) + ;HA(g, u)] =LF, (3.8)

B(g,u) +eB(Fp,u) =0.

Now we remark that the restriction éfto N (L)L is simply—7 and then its inverse ~1 is also equal te-7 when restricted to
N(L)™L. If we seekF; € N(L)*, the solution of the first equation (3.8) is

Fi=—t(5 g+ eF1+£2F2)(I — I A(g, u). (3.9)

Then, the second equation of (3.8) has a non-empty set of soluipifsand only if the projection/T of the left-hand side
vanishes. Therefore, the last two equations of (3.8) are equivalent to

{ IHA(g,u) +elMlA(Fq,u) =0,

(3.10)
B(g,u) +eB(F1,u) =0.

Now, the expression af contains a dependence @h= g + « Fy + £2F» through the functiorr. However, 1 only appears
in terms of ordek in (3.10). Therefore, with the same accuracy, we can replégeF) by t (&, g) in (3.9) and get

Fi=-t(¢,9) - IDA(g, u). (3.11)

The two equations (3.10) with7 given by (3.11) provide a sufficient condition on the p@iru) which makesF given by (3.5)
an order two approximate solution of the kinetic model (2.10). Furthermore, any order two approximate solution of the form
(3.5) with F1, F» € N(L)~ is given by Egs. (3.10), as the next result shows.

Proposition 3.2. The pair(F = g+¢Fy + stZ, u), with ITF1 = I1 F» = 0, is an order two approximate solution to the kinetic
equation(2.13)if and only if (g, u) is a solution of(3.10)

Proof. We insert the expansiofl = g + ¢ F1 + ¢2F» into (2.23) and obtain (3.6). For the first equation of (3.6), we take the
orthogonal projection ont&/ (L) and find

M[A(g,u) + s A(F1 + s Fp,u)] = O(¢?). (3.12)
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Then, the first equation of (3.6) is equivalent to
L(F1+eF2) = t(€, F)[(I — A(g,u) +e(I — MA(Fy + s Fp,u)] + O(?).
SinceFy, Fp € N(L)+, we can now apply. —1 and obtain
Fi+eF=1(& F)L™Y( — MA(g, u) + eI — MA(FL + e Fa, )] + O(¢2). (3.13)
We insert the expression &f + ¢ Fp, given by (3.13), into (3.12) and get
O[A(g,w) +eA(c(, )L™ — MA(g, w)],u)] = O(?).
With the second equation of (3.6) we finally obtain
O[A(g, u) +eA(t(E, F)L™Y(I — MA(g,w)], u)] = O(¢?),
B(g, u) +eB(z (&, FYL™Y( — M A(g, w)], u) = O(£?).

We can now replace(&, F) by t (&, g) because we are only interested in terms of order less than twdlinis leads to (3.10).
Therefore, such an order two approximate solution is necessarily given by (3210).

(3.14)

Eq. (3.10) lead to the following model:

Proposition 3.3. Systen{3.10)is equivalent to the following system

d d
ag - — _
T +u-Vig— zlz]:-(vxu)uéz oE; —28§L[§ivi(fvig)_(Cu)ifvig]
d
+26 Y A= 8p[(VawFEj + (Vaw)yj (Vew) ji& |z aé
i,j=1 !
+4e f(l—a,-j)as,[(vxu)?,a ( §g>+(vxu>,,(vxu>,,a ( aag)} (3.15)
5 5\ 05 &\ 0k
_ d
dit ) W, 3 a i
p(a + (qu)u> + 287: = €§La—xl_[ﬂki(vxu)ik + ik (Vai)gi . (3.16)

where the symbdV; denotes the following oblique-derivative operator

= ad ]
V.= % _(c) L 3.17
l axl (Cu)l asl ’ ( )
and wherex and i are linked by
pii —u)y = —2¢ / &1, 9)Vigdp, fork=12....d. (3.18)
R4

Also, p and Wy, are still defined by

()= (o
= x, €, .
Wi (x, 1) S &k § b

and . is the viscosity matrix whose coefficients are

Mij —_4/(1 sz)ézsjf(é g)?dp (3.20)
R4

We recall thatdp = 2-9/2(&1£5, ..., £5)"1/2de and T =1 (£, g).
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Before going to the proof of this proposition, we make some comments. The model (3.15)—(3.16) has still some similarities
with the macroscopic system ap, i) derived in [4]. In the equation (3.15) far, for instance, there are two diffusion terms:
the first one is a diffusion operator in an oblique direction with respect to the variablgs) which is represented by tHe,
symbol. As in [4], this term would correspond to the heat flux in the moment system (4.1)—(4.3). The second diffusion term is
a true diffusion with respect to thg variables. This term describes the effect of the viscosity on the distribgtaord would
correspond to the work of the viscosity forces in the moment system (4.1)—(4.3). However, the model (3.15), (3.16) is different
from that of [4]. Indeed, the diffusion operators in both equationsgf@andu are more complex. In the equation of for
instance, we observe that the viscous stress is not proportional to the strainetémgser Vyu + (Veu)T — %(Vx -u)I but
depends on all the coefficients of the velocity terger. The viscosity stress and the velocity tensor are then related by a more
complex relation that uses a tensor viscosity (with two indices) while this tensor is simply reduced to a scalar viscosity in the
isotropic case. This is somehow similar to the order two closure relations in statistical models for turbulence (see, for example,
[16-18)).

Proof. We already know the expression BfA(g, u) from (3.4). Using (3.11) and (2.20), we have

d d

erl g+ Z(l 51])(qu)1][7117] 35 (3.21)
i=1 i,j=1

Then, from the expression (2.20) of the operatiowe obtain

d d
—A(Fliu)=Tu<privig> Tu( Z(l 51])(qu)1]p117] 35)

i=1 i,j=1
d
+ Z pzp/ (‘EV,g) Z (Cu) /Ptp/ %_ (‘EV,g) Z(Cu)zfvtg
i,j=1 i,j=1 i=1
d
ag
Z 1- 81])17117]1% (qu)zj Z(l 8ij)(Cuwipj(Vxu)ijt
9E; 351
i,j,k=1 i,j=1
d dg
+ Z (1—6;;)(Cu) jpi(Vxu)ijt + Z A= 6;)(Cipipjpr(Vxu)ij —— ( )
ij=1 s, 1 08\ 0&;
sJ= i,Js
d d
=Y pi(VawijtVig = Y PtP/Pk(qu)/k?(fvzg)
i,j=1 i,j,k=1
d dg dg
+ Z 1- 51/)!7/!716(Vx14)z/(v)cu)tk'fa‘§ + Z 1- Szj)Ptpk(vxu)z/(vxu)/kf 9E
i,j,k=1 ! i,j,k=1 t
d dg
+ Z (1- azj)Ptp]pkpl(qu)zj (Vxwi —— & < E) (3.22)
ij.kI=1 !

Now, to take the projection of this expression we make use of Lemma 3.1(i)—(iii) and get

d d

—TTA(FL, ) = Y [26V;(tVig) = (Cu)itVig] +2 ) (1= 8p)[(Vaw) ) + (Vau)ij (Vi) j,»si]ra—;
i=1 i,j=1 !
+4Z(1 5i)6iE [(v w3 ( ag>+( )i} (V) ji = (a—gﬂ (3.23)
) ij)Sisj x ,/8%_ aél xU)ijiVx ”351 3%',' . .

Inserting the above found expressions fbA(g, u) (cf. (3.4)) andlT A(Fq, u) (cf. (3.23)) into the first equation of (3.10) leads
to Eq. (3.15).

Now, to make the second equation of (3.10) explicit we need to conpigten) (given by (3.4)) and3(Fy, ). With the
expression o given by (3.21) and from the definition (2.22) Bf we also have
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d
] g
B(Fy, )y = Z 87<(qu);j/(1—55,/)pipjmmlfa—‘S dP)
i,ji=1"" R i

d
- [(%‘f'u'vx‘f'vxu‘l'(vx M)I) Z /P@ijngdp:| .
J=1lpd k
Nevertheless, using Lemma 3.1(iii) again the viscosity tensor can be simplified as
Tijr = — /(1 - 5[,/)PiPQ/PkPlf§_; dp = wij B ji + 8i1d jk)s
R4
with u defined by (3.20). Then,
d

B(Fl,u)k=—Zi[uki(vxu)ik+Mik(qu)ki]—2[<i+u-vx +qu+(Vx~u)1>/§f§gdp] .
k

0x;

t
i=1 ! d

R4
We now deduce that the second equation of (3.10) leads to

oWy

d

ou d

P (E + (Vx u)u>k + 2—8)% =¢ E . e (ki (Vxw)ig + wir (V)i ]
1=

+28|:<%+M~Vx+vxu+(vx'M)I>/€f€gdpi| :
k
R4

Now, integrating Eq. (3.15) with respect t@ dnd introducing: according to (3.18), we obtain

ap

d
3 - i
E +Vx'(Pu)=25§a_)q/§ifvigdpz_vx'[P(”—”)],

1= R4
which is nothing else than the continuity equation

ap _
L av. -0
o + V.- (pu)

497

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

for the velocity fieldiz. Then, repeatedly using the continuity equation (3.29) in the following computations, we have

pCy + (% +u- Vi + Vyu+ (Vx ~u)1>(p12 — pu)
= [V - (oin)Ju+ (% + vxu>(pzz) + [ Vi + (Ve )1 (pii — pu)
= pCii + [V - (o) | — 1) + (Vxu — Vyit) (pit) + (Vs - u)(pit — pu) +u - Vi (pit — pu)
= pCq+ (u— i) - Vx(pit — pu) + [V - (= iD)|(pii — pu).

Sinceu — i is of the order of @) (cf. (3.18)), we deduce that

d - 2
pCu+ E‘f’u'vx + Viu+ (Vx - )l (pu—pu):pC,;—l—O(s ),

which implies that (3.27) is equivalent to Eq. (3.16) up to terms?inThis achieves the proof of Proposition 3.33

Remark 1. Let f(v) = F(v —u), with F given by (3.5). Then,

/vfdv=/(v—u)fdv+u/fdv=/dep+u/de:pu+s/pF1dp+O(82).

Furthermore, with (3.21) we have

S/PkFldP=—ZS/SkTngdp=p(ﬁ—u)k.
R4

(3.30)
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Therefore,
pil = / vf dv +O(82),

showing that is the ‘true’ mean velocity of the distribution function up to terms of oreferThis remark explains why the
continuity equation (3.29) and the momentum conservation (Eg. (3.16)) have a more natural expression once expressed in terms
of u.

Now we make some comments about the obtained model (3.15) and (3.16). First we point out the fact that this model does
not contain that obtained in [4] where the considered collision operator is a relaxation to an isotropic equilibrium. In other
words, even if we assume hegdo be isotropic, we do not recover the istropic model obtained in [4]. This is essentially due to
the following remark: iffI; and 74 denote the projections onto the spaces of isotropic and anisotropic functions respectively,
then we haverl; # I1;I14. Consider now the question about the beahavior of the diffusion operator in Eq. (3.16). We shall
state a necessary and sufficient condition on the relaxationtifoethe diffusion operator to be negative. This is an important
well-posedness condition for the model.

Lemma 3.4. LetD be the linear operator acting on the velocity fields, x) according to the following relation

d
_ ad - -
(DPuw); = Z e (i (Vxit)ij + pij (Vxir) ji ],
=1
fori =1,2,...,d. The viscosity matrix depends on the positive functiongnd g according to(3.20) Then, the operatoD
is negative o L2(R¥, dx)) if and only if

W is a symmetric matrix, an;i,»j >0, foralli, j=1,2,...,d
Furthermore, the matrix is symmetric for all positive distribution functignif and only if the functionr has the form

T(E1 £ Eg) = (Eaba, . E) VAT (EL+E2+ - Eg). (3.31)
where? is an arbitary positive and increasing function &a..

Proof. We compute the scalar productDi; by i in (LZ(Rd, dx))4, we have
d d

(Du, u) = —/Z (Mji(vxﬁ),'zj + 14 (Vxit) ji (Vxit); ) dx
Rra i=1j=1
d d
D 20 (i (Va)fy + iy (Vi) G o+ 1) (Vi) ji (Vi) )
Rd i=1 j=

This quantity is negative for any fieldv, i) if and only if each term of the sum is also negative. This is equivalent to saying
that the following quadratic form oR?2

1ji X2+ i Y2+ (uij + 1) XY,

is positive. It is an easy matter to check that this is also equivalent to
1
Kij E(MU +uji) 1
Vi,j=1,2,....d, p;; >0, and 1 =—Z(Mij—ﬂji)220
E(lw +1ji) Hji
which means that must be a symmetric matrix with positive coefficients.
Now, after an intergration by parts, the expression (3.20) of the viscosign be written as

ij =2(1—3ij)/<2$l$] 3, + &t )gdp-
R4
This matrix is symmetric for alf if and only if

Ejaé +%—/ 2%_15/85] +§&, Vi7j=1727-'-7d,
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which is equivalent to

SR 1
= — 2 \ogr + =3 logg | =0, Vi,j=12...d
(8& 8$j>< g 2;; g&) j

This means that must be of the form (3.31). Now using this expression, one can see that the coeffigieate all positive
for any distribution functiorg, if and only if 7" is a positive and increasing functiont

4. Themoment system

We multiply Eqg. (3.15) forg successively by 1 and, with k = 1,2,...,d, and integrate with respect topd=
274128185, ... £7)~1/2d. We have the following

Proposition 4.4. The model(3.15), (3.16)of Proposition3.3 implies the following non-closed system of equations on the
quantities(p, i, W):

L Ve (o) =0, “1)
di i awe L d i i
p<¥ + (qu)u> ralh Z oz ik i+ g (], (4.2)
3Wk d
97 + Vi - (W) +2(Vxi) g Wy =& z]:- /Mk(vxu)k, + ki (qu)zk(vxu)kt] +eVx - qr, (4.3)
1

wherep is the viscosity matrix related tpby (3.20)andg; (for k =1, 2, ..., d) is thek-th heat flux vector whose components
are expressed by

_ w _
(qo)i =2 f 66TV dp — 200+ 280) = / £V g dp. (4.9)
]Rd Rd

Proof. Egs. (4.1) and (4.2) are already known. To derive (4.3), (4.4) we first multiply Eq. (3.15)tforesé, and integrate
with respect to @. We have

1/0W,
- (a_k + Vi - uWy) + 2(qu)kka>

—22 (fs &1V, gdp)+2<cu>kfskrvkgdp

R4

—42(1 Stk)(vxu)k,-/székf_dp 42(1 Stk)(vxu)zk(vxu)szslékf

R4
Now, using the first order approximate macroscopic equation
oW,
P(Cu)+2-—E =0
oxg
and the relation (3.18) betwearandi implies that
_ 0 _ 2 _
2(Cu)k / &tVigdp = - E[Wk(” —ug] + " [V (u — it], Wi
Rd
d 2 _ 1 a
=_= Z(1+ 28,k)—[(u —i0); Wi ] + [Vx(u — i) Wi + Vi [ — i) Wy],
i=1

which concludes the proof.O
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To close this section we make some comments. The vegtisrthe diffusion flux of thek-th componen®;, of the internal
energy vectokWq, Wo, ..., Wy;). We point out thayy, is not simply supported by thieth axis of coordinates and comes from
the oblique-diffusion terms (represented by the symB&lsin Eq. (3.15) forg. The term inside the brackets at the right-hand
side of Eq. (4.3) is similar (but more complex) to the term(u) : V. u in the standard Navier—Stokes equations (see [4]), which
measures the work of the viscosity force. This term is clearly associated with the viscous term in the equat{dgticihand
side of Eq. (4.2)) and comes from the diffusion termg;iim Eq. (3.15) forg. We finally point out that system (4.1)—(4.3) is not
closed. Different strategies similar to those developed in [4] may be applied to close such a system. Here, we do not investigate
these closure approaches but only refer to [4] for a detailed presentation.

5. Theanisotropic model in avariable frame

Itis often appropriate to introduce anisotropic viscosities to model turbulent diffusion. To this aim, we now consider a kinetic

equation with a modified collision operator
af 1 1 1
bl Ve f=2Z R — § — 5.1
Pl xS 8Q(f,u) . r(x,s,t)( NogS =) (5.1

which relaxes the particle distribution functightowards equilibrium functions of the form

g((R(v—u))i (R(w —u))3 (R(v—u))§>

5 5 3 (5.2)

where R = R(x, t) represents a direct orthogonal transformation (rotation) from the laboratory system of coordinates to the
isotropization axes and whefgy, , is the orthogonal projection onto the subspace afR¢) consisting of the functions (5.2).

Before going to the derivation of the corresponding macroscopic madeis(), we rewrite (5.1) in the following variables
(similarly to the previous section)

P =R —u), f)=F(p). (5-3)

The kinetic equation (5.1) becomes

1 1
tA(F,u,R) = gLF(p) = g[17F(p) — F(p)],

(5.4)
B(F,u,R)=/pA(F,u,R)(P)dP=0
Rd
with
A(F,u,R) =T, F + (R"1p) - Ve F — [RC, +URp — (R71p) - VxR(R™1p)] -V, F, (5.5)
and
UR = RV u—T, R)RL. (5.6)
We recall that
rr=E i vr .=
u _31‘ u-vxr, u—at xu)u

and thatiT is the L2 orthogonal projection onto

P2 p3
N= {F e LA(R) | F(p) =g (&) with ¢ = (71 g)}
5.1. Approximate macroscopic m odels to the first and second orders in a variable frame

5.1.1. The multivalued energy fluid model to the first order in a variable frame
Here, our aim is to derive a first order approximation to (5.4) with respectltet g = ITF, we immediately get from (5.5)

d d d
g g g
-A(g,M,R)=Tug+P'(va)g_Z(RCu)iPia_s - Pipju,!;_as + ) Qijkpipjpk_as_ (5.7)
i=1 Logj=1 Lodjk=1 !
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with
d
aR;;
Qijk= Y RjmRia 5 =, (5.8)
I,m=1 Ym

Note that in writing the right-hand side of (5.7) we repeteadly usedRdt= RT, RT denoting the transpose matrix. Then,
the results obtained in Section 3 can be used by just making the changes

Cy — RCy, Veu—UR, V,— RV, (5.9)
and considering the effects due to the new term

d

ag
A% (g) = Z -QijkPinPka_s_, (5.10)
i,j,k=1 !

as follows from a simple comparison with (3.3).
We now investigate the solvability conditions that make the Ansatz

F=g&) +eh (5.11)

an order one approximate solution of the kinetic model (2.13) with the collision kernel given by (5.1). Similarly to Section 3,
a sufficient and necessary condition for to be a solution ot (¢, g).A(g,u, R) = LFy is

d
a
MA(g, u, R) =Tug—22ui’§sia—§ ) (5.12)
i=1 !

as deduced from a simple application of Lemma 3.1. Also, straightforward calculations lead to

B(g,u, R)g = / prA(g, u, R)dp

Rd
d aW, d d
=p(RCy)i + 22 Ry Fra ZZ(Qiik + Qi) Wi — ZZ i Wi (5.13)
i=1 i=1 i=1
where the subscrigt indicates the-th component of the corresponding vector.
Then, it follows that the (first order) macroscopic equations associated with (5.11) are given by
g d g
Rg 76
E“'ng_z;“ﬁs’ 5 =0 (5.14)
du < aw & d
,0|:RE + R(qu)ui| + 22 Ryi o ZZ(Qiik + Qi) Wi — 22 2riiW; =0. (5.15)
k i=1 ! i=1 i=1
5.1.2. The multivalued energy fluid model to the second order in a variable frame
We now analyze the conditions under which
F=g(&)+eF+62F, (5.16)

is an order two approximate solution of the kinetic model. To this aim, we first observe that the solution to the first equation of
(3.8) is given by

d d
Fi=—1¢ 9 — ARG u.R) ==Y p;Vle+ Y A-8ppipjufit—=—14% (), (5.17)

ag

28

J .

i=1 i,j=1 o5

where we denoted (cf. (3.17))

S d ag ag
Vi = Z R;j P (RCy)i 7~
= Xj aéi
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and used the expressions f0f? (g), A(g, u, R) andITA(g, u, R) given in (5.10), (5.7) and (5.12), respectively.

Now, Proposition 3.2 applies again to ensure thatlefined by (5.16) withT F1 = ITF» = 0, is an order two approximate
solution if and only if

{UA(g,u,R)+817A(F1,M,R)=0, (5.18)
B(g,u, R) + &B(Fy,u, R) =0, '
whereB(F1,u, R) = [ pA(F1,u, R)dp andB(g, u, R) is given by (5.13). Hence, to derive the whole model fgru) it is
enough to computél A(F1, u, R) andB(Fq, u, R).

Lemma 5.3. We have

d
() —IMAFLu, R =) [25V](tVe) = (RC);iTV]g] +2 Z - oip[fR)e; + u,’ju,’is,] %
i=1 i,j=1
g R, R 9 8g>
4 1-6; — U
+ ljzl( l/)éléj[( l/) sl_ (ra$l>+ l/ jl 8;/( aél
d
—2 )" &[(RC,TV e — 2jiitV ]
i,j=1
G g\ 9 _ d _
— SZsiZ[ViR (Qiiita_é') + B_S(QiiiTViRg) + Z Qj,»,-rV;?jg]
i=1 ! ! j=1
d J— —
+4 Z s,s][ S (VRe) +V( rV”]g Z ijjrvfl?ngrrv,{jig)}
i,j=1 k=1
16 26 192,( 9 Q g
— Z §7&; V”] tV”]g)—I— o, (9,,,rvmg)+vm Q”lta&
i,j=1
ag
+12825395, ( >+8 Z s,sjsk[ ,,k< ) Hk(tV”kg)] (5.19)
95 \ 0§ i et 0&;
where we denoted
_ d
2 8
Vijng(Qijk+QikJ 3%’ +~Qk]1 2% (5.20)
=0 _
Viikg = (L2ijk + Qikj)ij,-g- (5.21)
d
. d
(”) B(Fl,u,R)k=— Z [Rij 8x (‘lej +Q]]z)](ﬂk1 ,k+ﬂ1ku[a)
i j=1
d —
+ D iy (itd + puf) - [(Tu-I—Z/IR—{—tr(uR)I)/ETVRgdp]
ij=1 R k
d
_ [(TM—FZ/[R +tr(uR)1)0 Z Qijl/p®plp]plt 5, dpi| , (5.22)
i jl=1 k

R4
wherey;; are the coefficients of the viscosity matrix giver(®0)andtr(/®) denotes the trace 818 = (RV,u — dR /3t —
u-VeR)R™L,
Proof. We first computed(Fq, u, R). For that, it is convenient to consider the following splitting
A(Fy,u, R) = A1(g,u, R) + Ax(g,u, R),
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where the first operator just retains the terms obtained by applying the transformations (5.9) to the results found for the case
R =1 (cf. (3.22)) and the second one incorporates the additional terms dif€ tg), given by (5.10). Indeed,

Ax(g,u, R) = A(F1 + 1A% (g), u, R) — A% (F1 + 4% (g)), (5.23)
Ap(g,u, R) = A% (F1 + 1A% (9)) — A(t 4% (9),u, R). (5.24)
Then, there only remains to calculate (g, u, R). We have

d d
ag ad g
—Ap(g.u, R) = SO Qipiripto— |+ D Pipjkalle—<-Qijkf_>
0¢; -, _ 0xm 0&;
i,j,k=1 i,jk,l,m=1

d d d dg
- Z[(Rcu)l + Z Z/{llfnpmi| Z (pzp/pk 0&; )
=1 m=1 J.k=

d d
a ag
+ Z L1mn Pm Pn Z Qjjk PiPjPkT
A 8p 8&‘
I,m,n=1 i,j,k=1

d
ad
+ Z ‘lemplpma_<zfplng_ Z(l 81])17117] ijT 3%’)

k,,m=1 i,j=1
g d 0 ag
PinPinjkT— + Z PinPkPlem—<9ijkT—)
&; . _ 0xm 0&;
i,jk,l,m=1
d d d d
- Z|:(Rcu)l + > Uk pm— Y -lenpmpni| > Qijk |:(5il17j17k +38j1pi Pk + Sk1pipj)
= m=1 m,n=1 i,j,k=1
a og d d B
+ PipjPkPIS (f—)} + > Qumpipm Z[5zkfv g+ pipe—e (t ,-Rg)]
"ot 051\ 95 k.lm=1 i=1 05k
d 9g
- Z (1_51’] [(5,/{]7] +8]kpl)7: +p117]17k ( )]} (5.25)
i) 0&; 95k \ 0§
J=
Using again Lemma 3.1 repeteadly, elementary but lengthy computations lead to
d _ _
—MAy(g,u, R)==2 Y &[(RCY) TV e — 2;iitVRe]
i,j=1
d dg 3
—8> 2| VR (@it ) + (27K g) +Zsz],,rv”]g
. 0 0§
i=1 j=1
d =0
+4 Z §t€/|: iij ‘[VR )+VR(fVll/g) Z(ijjfvlf?kg-i-kajig)}
i,j=1 k=1

3 (0 ~
+1282§3le” as< g) Z é,éjék[ ,,k< aé>+V,,k(fokg)]

i,j,k=1

d
0
2 2 =0 g
—16 ) &7, [V”f (Tv”fg) 9&; (Q’”fvmg) + Viji (Q”ﬂasl >]
ij=1

with the notations introduced in (5.20) and (5.21). This concludes the proof of (i).
We finally proceed to comput8(Fy, u, R). Integratingp A(F, u, R) with respect tg yields
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B(F,u,R)=(RCM)/de+(RVx)-/p®dep
R4 R4

d
3 aF
+<E +u.Vx+UR+tI’(LIR)I>/dep+ > Qijk/pcapjpkfdp.
ke k=1 pa bi

Then, when considering = Fy (given by (5.17)) we observe that the supplementary terni 51, «, R) (compared to (3.26))
due to rotational effects are those stemming from

d ag
E ‘Qljlplp]plraé Ju, R
k

i,j,l=1
a 9
+ Y Qijl/]’/]’kpl ( > oV g+ Z (L= 8mn) pm Pulhgn T )dl’
L=l pa i\ a1 mon=1 O
d

= Z Qkij(ﬂjiui§+uijuﬁ)+ Z (Rjji + 2i) (i + i)
ij=1 i,j=1

d
—[(Tu+uR+tr(uR)1) > Qij1/p®]7,pjplt %, dp:| .
Lil=1 R k

Now we are done with the proof.0
The above calculations lead to the following result.

Proposition 5.5. If (F,u) is a solution to(5.4), then (g = ITF, u) satisfies the following system of equations up to terms of
order2in ¢:

d
0
—g+u-ng—22 Réza

ot = £
d _ . _ d )
:s;[zgivf(fvfg)_(Rcu),»rviRg]+2si§l(1—aij)[(ui’}) g +ufuRe ] 2 as,
2 0 ag R+ R 0 Bg
+4€,,21(l 5,])5,5,[( ) 35;( a§,>+“i/“/iagj< 8&)}
R 9
_8325 [V (Q’”T%) 7 —(2i:itVfg —i—ZQ/”rVWg]
i=1 j=1
d
— 2 Z & (RCu)/rV”/g .QJH‘L'V g +4e Z g,g,[ W(va )+vR(fvwg)
i,j=1 i,j=1
+f(9 STV e+ TV g +12&:Zg392 0 ( 8g>
= kjj iik k]l iii 3%' aéz
d p—
_165.21;;[.25/[ ”/(rvwg) % (.Q,,,rVUlg)—i—Vﬁl (.Q,,,ra&)]
lL,]=
+8’9 Z glé/%_k[ [/k( 8%' )+V]]k(r§[-(i2kg)i|v (526)

i,j,k=1
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d

ou o oW,
P[R(E + (qu)u>i| +ZZ Ry o k —ZZ(QHk + Q2111 Wy _zzgk”
¢ g i=1
_ _ d . B
- Z [ iy~ Wi +Q/"/)](“k"u£+“ik“15) —e D Quij (ujilh§ + i UR). (5.27)
ij=1 ij=1

wheret = 7(&, g) and the symbol?iR, Vi ik andV ik denote the following oblique—derivative operators

d
= ag
R _E i,
Vitg —j_lRt/ 3x (Rcu)t aéz

ag

§,§j2kg=(9ijk+gik/) T

3¢, + Q2pji

=0 —
Viik8 = (R2ijk + Qikj)ijig,
and wherex andi are connected by

p[RGi - w)] k—Zs( / §r(E, g)vkgdp+22 / 6 (6, V2 dp — A2 f §21(6. ) a; dp) (5.28)

fork=1,2,...,d. Here,dp = 2*!1/2(5152, . 5,1)*1/2 d¢. Also, the density and the internal energyV are still defined by
the following moments @f

p(x, 1)\ _ 1
<Wk(X,t)>__/<$k)g(x,é,t)dp,
Rd

and . is the viscosity matrix with coefficients

Hij —_4/(1 sz)ézsjf(é g)gdp
R4 '

The proof is analogous to that of Proposition 3.3 by making use of Lemma 5.3. We just remaricticgen as in (5.28)
is again a ‘true’ mean velocity of the distribution function up to second order termslivdeed, integrating Eq. (5.26) fgr
againstp yields

d
0 9 —
a—/; 4+u-Vip +tr(Z/lR)p =2¢ Z [Rijg —(£2jji +jSj)]< /%'if(%',g)V,'RgdP
i,j=1 J Rd
+2%iii fs ok % p+22 f(l—6ik)siskr(s,gﬁ,ﬁ,-gdp>.
R4 ! Rd

Introducing nowiz according to (5.28) we find

ap d 9

5 T Vap +trUR)p = Z [R,-j— —(Rjji+ Qj,»j)}(p[R(zz —u)],),

t Pyt 3x/'

which eventually becomes the balance equation

9 _
a—’;-l—ﬁ-vxp—i-tr(uR)p:O (5.29)

by just accounting for

9
[RUK — (2jji +9,~,~,~>](p[R(ﬁ —w)];) = =) Vep +tr[(RVx(u — @) — (u — i) - Ve R)R ™.
J
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Here, we denoted
UR = (RVyii — T;R)R™1. (5.30)

Then, we have

0
p(RCy) + (E

+u- Ve +uk +tr(uR)I> [oR (i — )]
=il - Vyp(Ru) + (% +UR>[,0(R12)] +tr @)1 (oRuw) +trUR)I[pR(@ — )] + R(u - Vi) [p(it — )]
= p(RCy) + (U I[pR — )] + R(u - Vi) [p (it — )]
+ [RVx(u — )](pit) + (u - Viep + tr(UR) pI)[R(u — )]
= p(RC7) +tr(UR —UR)I[pRG —w)] + R[ @ — u) - Vi ][p(u — )],

where we have repeteadly used the continuity equation (5.29). Consequently, we deduce from (5.28) that

9
pP(RCy) + (—

3 +u-Ve4+UR +tr(uR)1>pR(zz —u)=p(RCy) + 0(82),

which implies that Eq. (5.27) is satisfied up to terms4n
Finally, repeating the argument of Remark 1 we get

/vfdu=/(R*1p)de+u/de=pu+s/(R*1p)F1dp+o(52),

where f (v) = F (v — u) with F given by (3.5). Now, inserting (5.17) into the above expression yields

d
_ dg
8/(R lp)lFldP=_5/(R p) (pr,V g+ > Ql,kp,p,pkf%)dp p(i — u),
i=1 i,j,k=1

so that
pil = / vfdv+ 0(82).
5.2. The moment system
In this section we derive the system of moment equations for the second order approximate model (5.26), (5.27). Multiplying
Eq. (5.26) forg successively by 1 argl, withk = 1,2, ..., d, and integrating againstd= 2-9/2(&1&,, ... ., £)~ Y2 d¢ yields

the following

Proposition 5.6. The model(5.26), (5.27)of Proposition5.5 implies the following non-closed system of equations on the
quantities(p, ir, Wy):

) _
a—’; +i-Vep+tr(UR)p =0, 531
ou d
p|:R<E+(Vxﬁ)ﬁ>i| +22Rkt : _ZZ(‘QHI’("_Q!M)W]{_ZZQM,
g i=1
d 0 d
B Z [R,]a— (@i +9m)](ukl ’k+'u’kuk' —¢ Z $2%ij “Jlu +szu/1$)’ (5.32)
ij=1 g i,j=1
oW, _
ak+u Vka+tr(Z/l )Wk+2u/§<Wk
¢ /R =
ZSZ[Mik(ukz) + ki zkukz Z /%'ié'jéktvkﬂgdp
i=1

i,j= le
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g g d
+8€9kkk< /Ekf— dp — 168244k / Esf@ dp + 22 /glfglfvllﬂkg dP)
l:l

8
—2489kkk—< /ékTVk gdp— 49kkk/$kf—dp+22 /ékézfvukgdp>

Rd
d
16 Z[(Qkkz + 200 [ &8 TE 0 dp+ 20 [ & skrV,,kgdp]
i=1 R4 R4
d d
+e Z [ — (25 + 9/;/)}(%)[ — 26 Y (ki + 2uir)@r)i — 26 Y Ruii (i) (5.33)
i,j=1 i=1 i=1

whereu is the viscosity matrix related tpby (3.20)andg; (for k =1, 2, ..., d) is thek-th heat flux vector whose components
are given by

a0i =2 [ &&ee o edp - 8%/5 a0 e p+4Z fs,skszr(s Vg dp

Rd §i =1y
—<1+28,k>—< [&evFedp - 82 f §20 08 dp+42 / s,szrvl,,gdp) (5.34)
=1

R4 R4

Proof. Egs. (5.31) and (5.32) were already established. We then multiply Eq. (5.28)}ifoesé; and integrate with respect
to dp to obtain

d
119
;[a—t’wvx (uWk)—{—tr(Z/lR)Wk+2(qu)kka] Z“zk UR)? + it fuR)

+2<Rcu>k< [ aTRedp - a2 f skr—dp+22 / s,skrV,,kgdp)
Rd - Rd

2y [Rij — @ +9m>](fs,skrv sdp— a2 [ it ap
i,j=l Rd R4 !

+2Z / s,skszrvl,,gdp> 42(1 8,k><9kk,+9k,k>( [ sackeap
I= l]Rd ]Rd

4%/5 bt dp+22fs,skszrvl,,gdp 4fs,skrvkk,gdp>

d

-8 Z ($2gij +~Qk/t)/(1 51/)€t§/§kfvukgdp
i,j=1 R4

—42%( [ sscTReap - 49kkk/s,skr—dp+22/s,skszrvukgdp)
i=1

R4 ]Rd
As in the proof of Proposition 4.4, using now the first order approximate macroscopic equation

d d d
ou oWy
p[RE + R(qu)u]k + 2.5 1Rki ox; - 2.5 1(-Qiik + Qi) Wi — 2.5 1~QkiiWi =0
1= 1= 1=

and formula (5.28) connectingandi leads to the equation (5.33), (5.34). This concludes the praof.
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5.3. Evolution equation for the rotation matrix
We recall that the kinetic equation under study (in the variable frame) is

1
T =
uf = QUfow) = T (NG o f = ),
I, , denoting the orthogonal projection (in the velocity variable) onto the space of all functions of the form

_ (R@-w)2  (RWw—w)j
f(v)_g< 2 LI 2 )

and where: and f are connected in such a way that the total momentum operator is preserved (cf. (2.7)). Now the question is
how to choose the rotation matri(x, #). Two possibilities will be explored below. The first one consists in choogirsgich
that the stress tensor is preserved, and the second one used a rotational derivative.

5.3.1. Preserving the stress tensor

Here, we consider tha&(x, ¢) is linked with the distribution functiorf in such a way that the stress tensor is also preserved.
One advantage of this approach is the fact that it leads to large systems of conservation equations at the macroscopic level,
including equations on the stress tensor coefficients. This is similar to systems of moments derived from the ellipsoidal-BGK
model for instance [19]. The derivation of such moment systems in the present case is deferred to a future work.

In the variables associated with the fluid frame- R(x, t)(v — u), we then have

[roriear - mop=o (5.35)
with & = (p2/2, ..., p3/2) andF(p) = f(v). This equivalent to
/p,’pj‘rledp =0 ifi#}.

R4
Now, if we use a Chapman—Enskog expansibnr; Fq + ¢ F1 with Fg = ITF, as previously, we get

[ e trdp =06 iz
R4

We then deduce from the expressionfafgiven by (5.17), after some calculations

R4 uR) /s,s,agdp 0 iti#j

wherel/R is given by (5.6). Observing that
0 1 o
/5151 gdl’ E/%jg(é)dp<0, if i % j,
d

we get
UR +uf; =0, ifis].

Now we use the expression&® given by (5.6) and the fact that we have
(TuR)RT + R(T,R)" =T, (RRT) =0,

and obtain
[Ra(u)RT]l.j =0, ifi#j,

which means thaR diagonalizes the symmetric tensofu) = Vyu + V.u'. In other words, the columns & are eigenvectors
of o(u).



P. Degond et al. / European Journal of Mechanics B/Fluids 22 (2003) 487-509 509

5.3.2. Material derivative oR(x, 1)

Now, we consider the second choice (regarding the majixvhere the fluid anisotropy must be preserved by the flow.
Precisely, we want to write a transport equation®that preserves the tensorial and the orthogonal charactets Die so
called ‘Jaumann Derivative’ provides the simplest transport equation satisfying these constraints [20]. It reads

DR

1 T
E—TMR-FE(CL)R'FRCU )=0, (5.36)

with
w=Vyu— quT.

In other words this equation gives the time rate of change, following a fluid element, in a coordinate frame rotating with
the instantaneous fluid angular velocity. This evolution equation needs a vaRiatdhitial time. A possible value may be a
matrix R that diagonalizes («) atr = 0.
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